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3.1 Clustering and Mixture Modelling

K-means and hierarchical clustering are non-probabilistic algorithms — based on the intuitive
notions of clustering “similar” instances together and “dissimilar” instances apart. Their goal is
not to model the probability of the observed data items. In contrast, probabilistic unsupervised
learning constructs a generative model that describes clustering of the items. We assume that
there is some latent / unobserved process that is governing the data generation - and based on the
data, we will try to answer the questions about this generating process.

Mixture models assume that our dataset X was created by sampling iid from K distinct populations
(called mizture components). In other words, data come from a mixture of several sources and
the model for the data can be viewed as a convex combination of several distinct probability
distributions, often modelled with a given parametric family.

Samples in population k can be modelled using a distribution F),, with density f(z|ux), where py
is the model parameter for the k-th component. For a concrete example, consider a p-dimensional
multivariate normal density with unknown mean py; and known diagonal covariance o1,

_r 1
Flale) = 20?1~ exp (= 5ollo — ). (3.1)
Such model corresponds to the following generative model, whereby for each data itemi =1,2,...,n,

we

(i) first determine the assignment variable (independently for each data item 7):

Z; S Discrete(my, ..., TK) ie,P(Z; =k)=m
where for k = 1,..., K, m;, > 0, such that Zle m = 1, are the mixing proportions, additional

model parameters to be inferred;
(ii) then, given the assignment Z; = k of the mixture component, X; = (Xl.(l),...,X(p))T

i is
sampled (independently) from the corresponding k-th component:

Xi|(Zi = k) ~ falm).

We observe X; = z; for each i but do not observe its assignment Z; (latent variables), and would
like to infer the parameters 0 = (u1,..., K, 71,...,7x) as well as the latent variables.

Note that the complete log-likelihood in the model



log p(z, X|0) = log (H %;f(%!mﬂ) = (logm., +log f(xi|u,)) (3.2)

i=1 i=1

is not available as z; is not observed. We can consider marginalising over the latent variables

n K
000 = 323 st = T (oot ) o

z1=1 zn=1i=1 i=1

giving the marginal log-likelihood of the observations,

((0) = log p(X|0) = Zlomef il ).
=1
However, direct maximisation is not feasible and the marginal log-likelihood will often have many

local optima. Fortunately, there is a simple local marginal log-likelihood maximisation algorithm
called Expectation Maximisation (EM), which we will describe in Section

3.2 KL Divergence and Gibbs’ Inequality

Before we describe the EM algorithm, we will review the notion of Kullback-Leibler (KL) divergence
or relative entropy between probability distributions P and Q).

KL divergence.

e Let P and @ be two absolutely continuous probability distributions on X C R? with densities
p and g respectively. Then the KL divergence from @ to P is defined as

Dis (P 1Q) = [ pla)log . (3.0

o Let P and ) be two discrete probability distributions with probability mass functions p and
q respectively. Then the KL divergence from @ to P is defined as

Drr (P Q) = Zp (zi log ; (3.5)

In both cases, we can write

p(X)
Dii(P| Q) =E [log ] , 3.6
where E,, denotes that expectation is taken over p. By convexity of f(z) = —log(z) and Jensen’s

inequality (3.8]), we have that

D1 (P Q) =, [—logqm] > _1ogE, I%) _ g,

(X — (3.7)

Pp(X)
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where in the last step we used that [, ¢(z)dz =1 in continuous case and _, q(x;) = 1 in discrete
case.

Jensen’s inequality. Let f be a convex function and X be a random variable. Then
E[f(X)] > f (EX). (3.8)

If f is strictly convex, then equality holds if and only if X is almost surely a constant.

Thus, we conclude that KL-divergence is always non-negative. This consequence of Jensen’s in-
equality is called Gibbs’ inequality. Moreover, since f(x) = —log(z) is strictly convex on z > 0,
the equality holds if and only if p(x) = ¢(x) almost everywhere, i.e. P = Q. Note that in general
KL-divergence is not symmetric: Dgr, (P || Q) # Dk (Q || P).

3.3 EM Algorithm

EM algorithm is a general purpose iterative strategy for local maximisation of the likelihood under
missing data/hidden variables. The method has been proposed many times for specific models— it
was given its name and studied as a general framework by [I].

Let (X,z) be a pair of observed variables X, and latent variables z. Our probabilistic model is
given by p(X,z|@), but we have no access to z. Therefore, we would like to maximise the observed
data log-likelihood (marginal log-likelihood) £(8) = log p(X|0) = log [ p(X,z|0)dz over 6. However,
marginalisation of latent variables typically results in an intractable optimization problem and we
need to resort to approximations.

Now, assume for a moment that we have access to another objective function F (0, q), where ¢(z)
is a certain distribution on latent variables z, which we are free to choose and will call variational
distribution. Moreover, assume that F satisfies

F(0,q) < ¢(0) for all 0, g, (3.9)
m;ixf(&, q) =1(9), (3.10)

ie. F(6,q) is a lower bound on the log-likelihood for any variational distribution ¢ (3.9), which also
matches the log-likelihood at a particular choice of ¢ (3.10)).

Given these two properites, we can construct an alternating maximisation: coordinate ascent algo-
rithm as follows:

Coordinate ascent on the lower bound. For ¢t =1,2... until convergence:

¢® := argmax .7-"(0(“1), q)
q

0" .= argmax F(6, q(t)).
0



Theorem 3.1. Assuming (3.9) and (3.10)), coordinate ascent on the lower bound F (6, q) does not
decrease the log likelihood £(6).

Proof. £(¢=1) = F(OUD ¢1) < F(O®, ) < F(OW, gty = £(6®). O

Additional assumption, that Vg}" (H(t), q(t)) are negative definite with eigenvalues < —e < 0, implies
that 0) — 0* where 0* is a local MLE.

But how to find such lower bound F? It is given by the so called variational free energy, which we
define next.

Definition 3.1. Variational free energy in a latent variable model p(X,z|0) is defined as
F (0, q) = Eqflog p(X, 2|0) —log q(z)], (3.11)

where ¢ is any probability density/mass function over the latent variables z.

Consider the KL divergence between ¢(z) and the true conditional based on our model p(z|X, ) =
p(X,z|6)/p(X]0) for the observations X and a fixed parameter vector #. Since KL is non-negative,

0 < Dirla(e) || p(elX.0)] = Ezwlogp(zqffg),e)

q(z)
= logp(X|0) + Ezglog ————.
XN B 08 X o)

Thus, we have obtained a lower bound on the marginal log-likelihood which holds true for any
parameter value 8 and any choice of the variational distribution q:
entropy
—_——f
=[E,qlogp(X,z|0) —E,qlogq(z). (3.12)

energy

{(6) = logp(X|0) = Exzrqg 1ng(>q((vzz)’9)

The right hand side in is precisely the variational free energy - we see it decomposes in
two terms. The first term is usually referred to as energy using the physics terminology, more
precisely it is the expected complete data log-likelihood (if we observed z, we would just maximise
the complete data log-likelihood log p(X, z|f), but since z is not observed we need to integrate it out
- but recall that ¢ here is any distribution over latent variables). The second term is the Shannon
entropy H(q) = —E;log¢(z) of the variational distribution ¢(z), and does not depend on 6 (it can
be thought of as the complexity penalty on g).

The inequality becomes an equality when KL divergence is zero, i.e. when ¢(z) = p(z|X, ) which
means that the optimal choice of variational distribution ¢ for fixed parameter value 0 is the true
conditional of the latent variables given the observations and that 0.

Thus, we have proved the following lemma:



Lemma 3.1. Let F be the variational free energy in a latent variable model p(X,z|#). Then
e F(0,q) < {(0) for all ¢ and for all #, and
e For any 0, F(0,q) = ¢(0) iff q(z) = p(z|x, ).

Thus, properties and are satisfied and we can recast the alternating maximisation of
the variational free energy into iterative updates of ¢ (E-step, via the plug-in full conditional of z
using the current estimate of #) and the updates of # (M-step, by maximising the ’energy’ for the
current estimate of ¢). Provided that both E-step and M-step can be solved exactly, EM Algorithm
converges to the local maximum likelihood solution.

EM Algorithm. Initialize (9. At time ¢ > 1:

e E-step: Set ¢® (z) = p(z|X, e(tfl))

o M-step: Set 0) = argmaxy E, g log p(X, z|0).

3.4 EM Algorithm for Mixtures

Consider again our mixture model from Section with

p(z,X|0) = H?TZZ (xi|ps,)-

Recall that our latent variables z are discrete (they correspond to cluster assignments) so ¢ is a
probability mass function over z := (z;)_;. Using the expression (3.2]), we can write the variational
free energy as

F(0,q) =Ey[log p(X, z|0) — log q(z)]

=E, KZZ ) (log 7 +logf(:vz|uk))> —logq(Z)]
=1k
n K
=> q(z) [ ZZI ) (log +10gf($z|ﬂk))) —logq(Z)]

K
:Z q(zi = k) (log 7, + log f(xi|uk)) + H(q).
i=1 k=1

N
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We will denote Q;x = q(z; = k), which is called responsibility of cluster k for data item i.



Now, the E-step simplifies because

(zX,0) = (X, z|0) _ H:‘L:l 7o f (| ;) _ 7o, f (il paz;)

n
p(X[0) 3, T 7o f (il ey I;I >k Tk f (il )
i=1
Thus, for a fixed 001 = (] (¢ 1), .. ,p%ﬁl),wg*l), . ,77%71)) we can set

1 —1)\°
I Al ; il ™)

QY = p(z; = kla;, 00°D) = (3.13)

Now, consider the M-step. For mixing proportions we have a constraint that Z]K:1 mj = 1, so we
introduce the Lagrange multiplier and obtain

Vo (F(0.0) = AT w5 - 1)

_Z?T:“—)\_O = WkOCZQik-
=1

=1

Since
n n

K K
> Qi > Qir=n,
k=1 1=1 1=1 k=1

the M-step update for mixing proportions is

n QW
) = ZZ;Q“"’ : (3.14)

i.e., they are simply given by the total responsibility of each cluster. Note that this update holds
regardless of the form of the parametric family f(-|ux) used for mixture components.

Setting derivative with respect to uy to 0, we obtain

Vi F(0,0) =Y QY log (i) = 0. (3.15)

This equation can be solved quite easily for mixture of normals in (3.1)), giving the M-step update

) 2ic1 sz Ti (3.16)

Zizl sz 7



which implies that the k-th cluster mean estimate is simply a weighted average of all the data
items, where the weights correspond to the responsibilities of cluster k for these points.

Put together, the EM for normal mixture model with known (fixed) covariance is very similar to
K-means algorithm where cluster assignments are soft, i.e. rather than assigning each data item
x; to a single cluster at each iteration, we carry forward a responsibility vector (Qi1,...,Qix)
giving probabilities of z; belonging to each cluster. Indeed, K-means algorithm can be undestood
as EM where 02 — 0, such that E-step will assign exactly one entry in (Q,...,Q;x) to one
(corresponding to the nearest mean vector) and the rest to zero.

EM for Normal Mixtures (known covariance) — “Soft K-means”

1. Initialize K cluster means p1, ..., ux and mixing proportions 7y, ..., Tx.
2. Update responsibilites (E-step): For eachi=1,...,n, k=1,..., K:

T exp (— 5oz | — pel3)

K
Zj:l i) @90 (—ﬁ\lwz - /’LJH%)

Qix =

(3.17)

3. Update parameters (M-step): Set pi,...,ux and m,...,7x and based on the new cluster

responsibilities:
T = Y iy Qik = > i1 Qiks
n 7 > i1 Qik

4. Repeat steps 2-3 until convergence.

(3.18)
5. Return the responsibilites {Q;;} and parameters p1, ..., ug, 71,...,TKk.

In some cases, depending on the form of the parametric family f(-|ux) the M-step update for
mixtures cannot be solved exactly. In these cases, we can use gradient ascent algorithm inside the
M-step:

Ni(:ﬂ) = ,u;(:) +« Z QikVp, log f(xi,ﬂl(:))‘
i=1

This leads to generalized EM algorithm.

3.5 Probabilistic PCA

So far, we have considered the application of EM to clustering, but it can be applied to latent
variable models more broadly. Here, we will derive EM for Probabilistic PCA [3], a latent variable
model for probabilistic dimensionality reduction. Just like in PCA, we try to model a collection
of n p-dimensional vectors using a k-dimensional representation with & < p. Probabilistic PCA
corresponds to the following generative model.

For each data item ¢ =1,2,...,n:



o Let Y; be a (latent) k-dimensional normally distributed random vector with mean 0 and
identity covariance:
Yi ~ N (0, I),

e Given Y;, the distribution of the i-th data item is a p-dimensional normal:
X; ~ N(u+ LY;, 0%1)
where the parameters § = (u, L, 0%) correspond to a vector u € RP, a matrix L € RP*F and

02> 0.

Note that unlike in clustering, the latent variables Y7,...,Y, are now continuous.

From an equivalent representation X; = u + LY; + ¢, where € ~ N(0,0%I,) and is independent of
Y, we see that the marginal model on X;’s is

f(z]|0) = N(aj;u, LLT+02I),

where parameters are denoted 6 = (,u, L,O’2). From here it is clear that the maximum marginal
likelihood estimator of p is available directly as i = % >, X; and thus, we do not require EM to
estimate p. We will henceforth assume that the data is centred, to simplify notation and remove p
from the parameters.

On the other hand, maximum marginal likelihood solution for L is unique only up to orthonormal
transformations, which is why a certain form of L is usually enforced (e.g. lower-triangular, or-
thogonal columns). [3] shows that the MLE for PPCA has the following form. Let \; > --- > ),
be the eigenvalues of the sample covariance and Vy.; € RP** the top k eigenvectors as before. Let
Q € R¥*k be any orthogonal matrix. Then we have:

We note that the standard PCA is recovered when o? — 0. However, the EM algorithm we derive
below can be faster than eigendecomposition, can be implemented online, can handle missing data
and can be extended to more complicated models. We will now proceed by deriving the EM
algorithm.

E-step. By Gaussian conditioning (ezercise),

q(yi) = p(yilzi, 0) = N (yilbi, R)

where
—1
b — (LTL+021) LTz, (3.19)

R = o (LTL+(;21)_1. (3.20)
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M-step. Recall that the parameters of interest are § = (L,a2) (since the marginal maximum
likelihood estimate of the mean parameter p is directly available). We would like to maximise the
variational free energy given by:

-+ const.

F(0,q9) = Eyq [Zlogp(:ﬂi,yile)
=1

By ignoring terms that do not depend on 6 and denoting =, to mean “equal up to a constant
independent on 6”

1
log p(ai, yil9) =c — 5 log 0® = 5= (as — Lys) " (s — Lys)

o
1
=c — glOng — ﬁ {ﬂj;r$1 - 295;|—Lyz + Y; LTLyl}
1
= — glog o2 — 252 {x;xl — 2z Ly; + Tr [LTLyiyiT} } :

Taking expectation over ¢(y;) = N (yi|bi, R) gives
1
Ey,~q (logp(zi, yilf)) =¢ _b logo? — — {m T — Ql'TLb + Tr [LTL (b bT + R)]}

2 202

It remains to sum over all observations to get

F(0.9) = —2logo’

2
~552 {Zx xl—2ZxTLb + Tr

=1

L'L (Z bib; + nR)

=1

Now, we have
1 n
LA {lebT (Z by + nR) } ,
=1 =1
which by setting to 0 gives the update rule

n —1
(new) (Zmﬁ) (Z bib; +nR> : (3.21)

i

2

Letting 7 = 07*, we have:

g}“ - ’Z’l—{zm xz—QZxTLb Ty
T T

=1

L'L <Z bib] + nR)

=1

and thus

(0,2 (new) {Zw $2_2ZxTL(newb +Tr

(new)TL(neW) <Z beZT + nR)

=1

} . (3.22)

Both Probabilistic PCA and normal mixtures are examples of linear Gaussian models, all of which
have the corresponding learning algorithms based on EM. For a unifying review of these and a
number of other models from the same family, including factor analysis and hidden Markov models,

cf. [2].
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