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1 Unsupervised Learning Basics

Notational remarks

o We will typically assume that we have collected p variables (features/attributes/dimensions)
on n examples (items/observations) which can be represented as an n X p data ma-
tric X = (x;5), where x;; is the observed value of the j-th variable for the i-th

example:
r11 212 ... (Elj e .731p
r21 22 ... :L‘Qj c.. I2p
X = (1.1)
i1 €Ti2 .. Tij ... Tigp
B Tnl Tp2 . Tpj ... Tnp i

e We will denote the rows of X as x; € RP and treat them as column vectors: i.e.,
the i-th item/example/observation z; is the transpose of the i-th row of the data

matrix X:
T4l
x; = %2 = [ml,xig,...,xip]—r, i=1,...,n. (1.2)
Zip
e We often assume that 1, ..., x, are independent and identically distributed (i.i.d.)

samples of a random vector X over RP. When referring to the j-th dimension of
random vector X, we will write X ).

Unsupervised learning is a broad and arguably more challenging part of machine learn-
ing. The goal of unsupervised learning is to extract key features of the “unlabelled”
dataset. While in supervised learning our data items {z;}? ; come with an extra piece
of information which we are trying to predict, in unsupervised learning we are trying to
understand the process which generated data {x;}]" , itself. We will here review two basic
unsupervised learning tasks: dimensionality reduction and clustering. Broadly speaking,
dimensionality reduction aims to, for each data item x; € RP, find a lower dimensional
representation z; € RF with k < p such that the map z +— z preserves certain interesting
statistical properties in data. Clustering on the other hand, partitions the set of n data
items into K disjoint groups. We will also review two instances of simple algorithms for
each: Principal Components Analysis (PCA) for dimensionality reduction and k-means
algorithm for clustering.
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1.1 Dimensionality Reduction with PCA

Principal Components Analysis (PCA) is a dimensionality reduction technique which
aims to preserve variance in the data. PCA is a linear dimensionality reduction tech-
nique: it essentially looks for a new basis to represent a noisy dataset.

For simplicity, we will assume for PCA that our dataset is centred, i.e., that its average
is 2 =23"  2; =0. If not, we can always subtract it from each x; (this is called data
centering). Thus, we can write the sample covariance matriz S as

n

§ = Cov(X) = —— 3 (@i — )(wi — 1) = — anx;ﬁ - n%XTX. (1.3)
=1

n—1 n—1 1

=1

Note that the matrix S is symmetric and positive semi-definite.

PCA recovers an orthonormal basis v1,vs, ..., v, in RP — vectors v; are called principal
components (PC) or loading vectors — such that:

e The first principal component (PC) vy is the direction of greatest variance of data.

e The j-th PC v; is the direction orthogonal to vi,va,...,v;_1 of greatest variance,
for j=2,...,p.

Given this basis, the k-dimensional representation of data item x; is the vector of
projections of z; onto the first k PCs:

T
R = ‘/1Tkxl = [U;rxiw'wvl—ﬂrzvi € Rka
where Vi, = [v1,...,v] is a p x k matrix. This gives us the transformed data matriz,
also called the scores matriz
Z = XV € R™F, (1.4)

1.1.1 Deriving the first principal component

Recall that we model our dataset is an i.i.d. sample {x;}_; of a random vector X =

[X(l) . X(p)]T. Projections to PCs define a linear transformation of X given by Z =
VJk,X which is a k-dimensional random vector. Dimensions of Z are called derived
variables. Consider the first dimension of Z:

Z(l) = UIX = UllX(l) + ’l)12X(2) +---+ 'Ule(p)- (15)

The first PC v; = [vll,...,vlp]T € RP is chosen to maximise the sample variance
Var(Z(M) = v Cov(X)uvy, i.e. it is defined as the solution to

max v] Sv;
v1

subject to: v{ vy = 1.
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By considering the Lagrangian:
L (1)1, )\1) = UISUl — )\1 (vlTvl — 1) (1.6)

and the corresponding vector of partial derivatives

85(’01, )\1)

=2 — 2\ 1.
For Svp 101 (1.7)

we obtain the eigenvector equation Svq; = A\jvq, i.e. v1 must be an eigenvector of S and
the dual variable A; is the corresponding eigenvalue. Since vlT Sv, = )\yulT v1 = A1, the
first PC must be the eigenvector associated with the largest eigenvalue of S.

1.1.2 Subsequent principal components

Similarly, the second PC maximizes the sample variance @(Z @) =y éaf(X )Jvg of the
second derived variable among the directions orthogonal to v, i.e.

max vy Svg
v2
subject to: U;—UQ =1, vlTvg = 0.
Lagrangian is
L (v9, A2, 72) = v3 Sva — Ao (UQTW - 1) — Yov] v (1.8)

and setting the corresponding vector of partial derivatives to zero

8[’(7)27 >\2) 72)

82}2 = 251)2 — 2A2'U2 — Y2U1 = 0. (1.9)

Left-multiplying (1.9) by vir gives 21}?5’1}2 = 7. However, since S is symmetric and v;
is its eigenvector, we have
yo = 2v{ Svy = 20y Svy = 2\jvy v1 = 0. (1.10)

Hence Svy = Aquo and similarly as before vo must be the eigenvector corresponding to
the second largest eigenvalue Ao of S.
Continuing the process further, we obtain the eigenvalue decomposition of S given by

S=VAVT (1.11)
where A is a diagonal matrix with eigenvalues
AM>A>-- 22,20 (1.12)

on the diagonal and V is a p x p orthogonal matrix (ie. VVT = VTV = I) whose
columns are the p eigenvectors of S, i.e. the principal components v1, ..., v,.
In summary,
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e Derived scalar variable (projection to the j-th principal component) Z ) = vaX
has sample variance Aj, for j =1,...,p.

e Derived variables are uncorrelated: Cov(Z®,Z0)) ~ vl Sv; = N\jvv; = 0, for
i j.

e The total sample variance is given by Tr(S) = Y7 | Sii = M + ... + Ap, so the
proportion of total variance explained by the j** PC is m

1.1.3 Reconstruction view of PCA

We can map back to the original p-dimensional space using

& = VigaVihai. (1.13)

This is a reconstruction of data item z;. It can be shown (problem sheet) that PCA
gives the optimal linear reconstruction based on a k-dimensional compression.

1.1.4 PCA via the Singular Value Decomposition

PCA can also be understood using the Singular Value Decomposition (SVD) of data
matrix X. Recall that any real-valued n x p matrix X can be written as X = UDV '
where

e U is an n x n orthogonal matrix: UUT =U'U = I,.

e D is a n X p matrix with decreasing non-negative elements on the diagonal (the
singular values of X) and zero off-diagonal elements.

e V is a p x p orthogonal matrix: VVI =VTV = I,

Note that
(n-1)S=X"X=WwpvH"wpv=vD'UTUDV' =vD'DV',

using orthogonality of U. The eigenvalues of S are thus the diagonal entries of A =
-L.D'D.
n—1

We also have

XX"=WwpvywpvH)"=ubpv'vD'UT =UDD'UT,

using orthogonality of V.

The n x n matrix K = XX T with entries K;; = a:;r:cj is called the Gram matriz of
dataset X. Note that K and (n —1)S = XX have the same nonzero eigenvalues, equal
to the non-zero squared singular values of X (non-zero entries on the diagonals of DT D
and DDT).

If we consider projections to all principal components, the transformed data matrix is
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Z=XV=UDV'V=UD, (1.14)

If p < n this means

2 = [UilDlly-'-’Uiprp]T’ (1.15)

and if p > n only the first n projections are defined (sample covariance will be at most
rank n):
zi = [UnDi1, ..., UnDpp,0,...,0] . (1.16)

Thus, Z can be obtained from the eigendecomposition of Gram matrix K. When
p > n, eigendecomposition of K requires much less computation, O(n?), than the eigen-
decomposition of the covariance matrix, O(p?), so is the preferred method for PCA in
that case.

1.2 Clustering

Clustering is one of the fundamental and ubiquitous tasks in exploratory data analysis —
a first intuition about the data is often based on identifying meaningful disjoint groups
among the data items. In partition-based clustering, which we consider in this note, one
divides n data items into K clusters C1,...,Ck where for all k, k" € {1,..., K},

K
CrC{1,...,n}, ChNCw =0 Vk 4K, Ucr=A{1....,n}.
k=1

Central to the goals of clustering is the notion of similarity /dissimilarity between data
items. There will be many ways to define the notion of similarity, and the choice will
depend on the dataset being analyzed and dictated by domain specific knowledge.

Intuitively, clustering aims to group similar items together and to place separate dis-
similar items into different groups. However, note that these two objectives in many
cases contradict each other (similarity is not a transitive relation, while being in the
same cluster is an equivalence relation). Omne could imagine a long sequence of items
such that each next item is very similar to the previous one so that they should all be-
long to the same cluster — but that would also mean that the endpoints are potentially
highly dissimilar. Hence, there are also different clustering techniques which emphasize
different aspects of these goals, i.e. whether to keep similar points together or dissimilar
points apart.

There have been several attempts to construct an axiomatic definition of clustering,
but it is surprisingly difficult to put on rigorous footing. Consider the following three
basic properties required of a clustering method F : (D = {z;}};,p) — {C1,...,Ck}
which takes as an input dataset D and a dissimilarity function p and returns a partition
of D:

e Scale invariance. For any a > 0, F (D, ap) = F (D, p), i.e. partition should not
depend on units in which dissimilarity is measured.
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e Richness. For any partition C' = {C4,...,Ck} of D, there exists dissimilarity p,
such that F (D, p) = C, i.e. the outcome is fully controlled by the dissimilarity
function.

e Consistency. If p and p’ are two dissimilarities such that for all z;,z; € D the
following holds:

z;,x; belong to the same cluster in F (D, p) = p(z;, ;) < p(i, )
p(x

(i, ),

then F(D,p) = F(D,p). In other words, if the items in the same cluster be-
come more similar and the items already separated become less similar, then the
clustering should not change.

(AVARVAN

z;,x; belong to different clusters in F (D, p) = p(z;, ;)

While all three properties appear natural, Kleinberg’s impossibility theorem [12] states
that there exists no clustering method that satisfies all three properties, implying that
every clustering method will have some undesirable properties. For further discussion,
see Section 22.5 in [21].

We will consider here the simplest widely used clustering method: K-means algorithm
(and its extension, DP-means).

1.2.1 K-means algorithm

K-means is the simplest partition-based clustering algorithm. It uses a preassigned
number of clusters and represents each cluster using a prototype or cluster centroid py.

The idea of K-means is to measure the quality of each cluster using its within-cluster
deviance from the cluster centroids

W (Cry ) = D Ml — 3.

1€Cl

The overall quality of the clustering is then given by the total within-cluster deviance:

WGk} (e }) = Y W(Cho ) = Z D Nl — el = Z lzi — e, 113,

k=1 k=1ieCy

where ¢; = k if and only if ¢ € C. This is now the overall objective function used to select
both the cluster centroids and the assignment of points to clusters. The joint optimization
over both the partition {Cy} and centroids {u} is a combinatorial optimization problem
and is computationally hard. However, note that

e Given partition {Cy}, we can easily find the optimal centroids by differentiating
W with respect to p:

7222(%—1%):0 =>Mk— sz

1€Cl ZECk
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Algorithm 1.1 K-means algorithm

Input: dataset D = {z;}?_,, desired number of clusters K
Output: partition {C1,...,Ck}

Randomly initialize K cluster centroids ui,..., k-
while the partition has not converged do

o (Cluster assignment: For each ¢ = 1,...,n, assign each x; to the cluster with the
nearest centroid,

c; = argming_y g |l — 1kl3

Set Cf :={i : ¢; = k} for each k.

o Mowe centroids: Set ui,...,pur to the averages of the new clusters:
1
HEk T Z Ty
Gkl 2

return partition {Cy,...,Ck}

e Given prototypes, we can easily find the optimal partition by assigning each data
point to the closest cluster prototype:

¢; = argminy, ||z; — Mk”% .

Thus one can employ an iterative alternating optimization, which is exactly the K-means
algorithm:

K-means is a heuristic search algorithm so it can (and often will) get stuck at local
optima. The result depends on the starting configurations. Typically one performs a
number of runs from different random initial values of centroids, and then chooses the
end result with minimum W. Since each step does not increase the objective function
and the number of possible partitions is finite, the algorithm will converge to a local
optimum. However, note that there could be ties in the cluster assignment, which need
to be broken in a systematic fashion.

1.2.2 K-means++

A simple yet provably effective solution to the problem of initialization of centroids in the
K-means algorithm was proposed by [I]. The method starts with sampling a data item
from D = {x;}!" ; uniformly at random and making it centroid p;. We then compute
the squared distances p? = ||z; — p1]|3. Centroid ug is then initialized to another data
item sampled using the probability mass function p(i) = p?/ 2?21 p? and the process
continues with the probability mass function being updated at each step, i.e. to initialize
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k-th centroid ug, we compute

p; =min {||z; — il .., |z — w113} - (1.17)

Remarkably, this method comes with a precise theoretical guarantee. In particular, [I]
show that if clustering {C’,;|r *1 is obtained using K-means++ then

E[W ({C})] <8(log K +2) W, (1.18)

where W* is the within-cluster deviance of the globally optimal clustering and the ex-
pectation is taken over the random sampling used in the initialisation.

1.2.3 DP-means

K-means is intuitive and straightforward to implement, but how do we select the number
of clusters K in the first place? Clearly, the objective function is minimized (and equals
zero) if we let K = n, but this is not a meaningful clustering.

One elegant approach is the DP-means algorithm [13] that comes from the interpre-
tation of K-means using small variance asymptotics of the Expectation Maximization
(EM) algorithm for mixture modelling. We will discuss mixture modelling and EM algo-
rithm later in the course. DP-means starts from a single cluster, i.e. K = 1 and modifies
the cluster assignment step as follows:

1. Initialize K =1 and puy = £ 3" | z; (the global mean).

2. DP-means cluster assignment: For each : =1,...,n,
o if ming—y,_ ||z — Mk”% >\ set K+ K+1,¢« K, pg <+ x;

e otherwise, set ¢; = argming_; g [|z; — ,ung

The rest of the algorithm is exactly the same as K-means. Tuning parameter A controls
the tradeoff between the traditional K-means objective and the number of clusters. DP-
means can be shown to locally minimize the objective

K
WACkE (b K) =D ) i — el + AK. (1.19)
k=1 icCy

Indeed, just like in K-means algorithm, the “move centroids" step can only decrease the
objective, whereas for every data item ¢ = 1,...,n, its assignment to the nearest centroid
if closer than A will not increase the objective and if the nearest centroid is at a distance
larger than A we can create another cluster and pay a penalty A while still decreasing

the overall objective ((1.19)).
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2.1 Loss and Risk

In the supervised learning framework, we are trying to learn a function f : X — Y
from an input space X into an output space ) based on a set of paired examples
(1,y1), - .- (Tn,yn) and a given loss function L measuring discrepancy between predicted
output values f(x;) and the true output values y; at the inputs x;. It is assumed that
examples (21,y1),. .. (zn,yn) are i.i.d. samples from an unknown joint probability distri-
bution Pxy on X x ) and the goal of learning is to find the function f which minimizes
the expectation of the loss over Pxy - which is called risk.

Empirical Risk Minimisation (ERM) Loss is any function
L:Yx)YxX—R". (2.1)
Risk of a function f: X — ) is the expected loss:
R(f) =ExyL(Y, f(X), X). (2.2)

For a given dataset (z1,y1),...(n,Yn), the empirical risk of f is given by
R 1 &
R(f) =~ Llyi, f (1), z2). (2.3)
=1

The Empirical Risk Minimisation is the problem

f= argminfeyf?(f),

where H is a given class of functions (hypothesis class).

Remark 1. The ultimate goal of learning is to minimise the true risk - not the empirical
risk, which is only an estimate of the true risk. But the true risk of any given function
is unknown because the distribution Px y is unknown.

Remark 2. Loss function typically depend on the input = only through f(z), so that with
some abuse of notation we often write L(y, f(x)) instead of L(y, f(z),x). L(y, f(z)) is
usually some notion of distance between the true output y and the predicted output f(x).

10
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Examples of hypothesis classes.

Hypothesis classes can be very simple, e.g. for X = RP, we can consider all linear
functions f(z) = w'x + b, parametrized by w € RP and b € R, or we could consider
a specific nonlinear feature expansion ¢ : X — RP, and a model linear in those fea-
tures: f(z) = w'@(z) + b, but nonlinear in the original inputs X, parametrized by

w € RP and b € R. For example, starting with X = R?, we can consider ¢ <[i21}> =
i2
[l'il,xiQ,x?l, \@wilxig,x?Z]T, such that the resulting function can depend on quadratic
and interaction terms as well. An important type of hypothesis classes we will consider
in this course are Reproducing Kernel Hilbert Spaces (RKHS), which are also linear in
certain feature expansions but those feature expansions could potentially be infinite-

dimensional.

Examples of loss functions.

Loss functions come in many different forms. One of the main considerations for selecting
loss functions is the type of outputs we are trying to predict, i.e., whether it is real-valued
or discrete/categorical. Note that even if outputs are discrete, the function f(x) we are
trying to learn is typically real-valued. For example, in binary classification, the common
convention is that the two classes are denoted by —1 and +1. One associates predictions
of these classes with sign(f(x)), whereas the magnitude of f(x) can be thought of as
the confidence in those predictions (not necessarily in a probabilistic sense). The loss
can penalize misclassification (wrong sign) as well as the overconfident misclassification
(wrong sign and large magnitude) and even underconfident correct classification (correct
sign but small magnitude). Thus, the loss functions can often be expressed as a function
of yf().

Below are some loss functions commonly used in binary classification and regression.

e Binary classification:

~ 0/1loss L(y, f(x)) = Lyf(x) < 0},
(also called misclassification loss, optimal solution is called the Bayes classifier

and is given by f(x) = argmaxycro nP(Y = k|X = z)),

— hinge loss L(y, f(z)) = (1 — yf(x))+
(used in support vector machines - leads to sparse solutions),

— exponential loss L(y, f(z)) = e—uf (@)
(used in boosting algorithms - Adaboost),

— logistic loss L(y, f(z)) = log (1 + e—yf(w))
(used in logistic regression, and associated with a linear log-odds probabilistic
model).

e Regression:
— squared loss: L(y, f(z)) = (y — f(x))?

(least squares regression: optimal f is the conditional mean E[Y|X = z]),

11
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Figure 2.1: Loss functions for binary classification
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12
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— absolute loss: L(y, f(z)) = |y — f(z)]
(least absolute deviations regression, which is less sensitive to outliers: optimal
f is the conditional median med[Y|X = z]),

— 7-pinball loss: L(y, f(z)) = 2max{7(y— f(x)), (t—=1)(y— f(x))} for 7 € (0, 1)
(quantile regression: optimal f is the T-quantile of p(y|X = x)),

Oa if |y_ f($)| S €,

ly — f(x)| — €, otherwise.

(support vector regression, which leads to sparse solutions).

— e-insensitive (Vapnik) loss: L(y, f(z)) = {

In binary classification, 0/1 is an idealised version of loss which penalizes misclassifica-
tion regardless of the magnitude of f(x). However, ERM under 0/1 loss is NP hardﬂ
Therefore, we typically use convex upper bound surrogate losses (hinge, exponential, lo-
gistidzb. What is the importance of the convexity of loss as a function of y f(x) as shown
in Fig. Consider the hypothesis class f(z) = w'¢(x), with w € RP (we ignore
the intercept to simplify notation) and assume that L(y, f(z)) = p (yf(x)) for a convex
differentiable function p. Then the empirical risk and its gradient are given by

R(w) = Tllzn:p (yinSO(J?i)) 7 gzj = % Zn: o (yinso(xi)) yisp ().
i=1 =1

Furthermore, the Hessian matrix of the empirical risk is given by

PR 1
BT = n 2= (v @) el@)e(@) ", (2.4)
=1

using y? = 1. This Hessian is now a positive semidefinite matrix which can be seen from
p" (t) > 0Vt and

aTaj;iTa = i;p ("ol (a7 el@n)” > 0.

for any o € RP. Thus, empirical risk is a convex function of w and thus has a unique
minimum. Typically, there is no closed form solution for w and iterative optimisation
techniques like gradient ascent or Newton-Raphson algorithm are used.

2.2 Regularisation

Recall that we are not ultimately interested in the exact minimizer of the empirical risk
but in that of the true risk. ERM thus risks overfitting: when the hypothesis class is

Tt is NP-hard to even approximately minimize the ERM under 0/1 loss - i.e. there is no known
polynomial-time algorithm to obtain a solution which is a small constant worse than the optimum.
2to make it into an upper bound on 0/1, divide the logistic loss by log(2) - rescaling of the loss does

not change the ERM problem

13
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complex, one can easily find a function that matches the observed examples exactly but
does not generalise to the new examples.

The idea behind regularisation is to limit the flexibility of hypothesis class in order
to prevent overfitting. For the hypothesis space H = {fy : € ©}, this is achieved by
adding the term which penalises the large values of parameters 6 to the ERM criterion:

. - : 1 &
min R(fs) + A6]|} = min ;L(yi,fe@:i)) + Aoy

where p > 1, and ||6]|, = (Z?Zl 6;1°)}/# is the L, norm of # (also of interest when
p € [0,1), but this is no longer a norm). These methods are also known as shrinkage
methods since their effect is to shrink parameter estimates towards 0. Note that we
have an additional tuning parameter (or hyperparameter) A which controls the amount
of regularisation, and, as a result, also controls the complexity of the model.

The most common forms of regularisation include Ridge regression / Tikhonov regu-
larization: p = 2, LASSO penalty: p = 1, and elastic net regularization with a mixed
Ly /Ly penalty:

min = 3™ L, fofa)) + A[(1— ) 613+ allo]1]
i=1

In some hypothesis classes, it is possible to directly penalise some notion of smoothness
of the function f we are trying to learn, e.g. for X = R, the regularisation term can
consist of the Sobolev norm

+oo +oo
113 = / f()?de + / 1), (2.5)

—00 —00

which penalises functions with large derivative values.

2.3 Examples of ERM

2.3.1 Regularised Least Squares / Ridge Regression

This corresponds to the squared loss L(y, f(x)) = (y — f(z))?. For linear functions
f(x) =w'z + b, we have

minli(y' —w'ay —b)2—i—5||wH2 (2.6)

w,b N =1 t t n z '
Note the rescaling of the regularisation term and that the bias term b is not included in
the regularisation. This is important as otherwise the predictions would depend on the
origin for the response variables y (i.e. adding a constant ¢ to each target would result
in different predictions from simply shifting the original predictions by ¢). Fortunately,
when using centred inputs, i.e., > . x; = 0, b can be estimated by § = % > i, SO we

14
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can also assume that the responses are centred and remove the intercept from the model.
We obtain the problem
. 2 2
min [ly — Xwlfs + Aljwll3. (2.7)

Differentiating and setting to zero gives the closed form solution
-1
w= (XTX + )J) XTy. (2.8)

2.3.2 Logistic Regression

Despite the name, logistic regression is a method for classification. It uses the logistic
loss L(y, f(z)) = log (1 + e_yf(x)). Hence, again for a linear classifier f(z) = w 'z + b,

A
min — Zlog (1 + e vilw ”CZ‘H’)) + ﬁHwH% (2.9)

w,b N

Logistic regression can also be associated to a probabilistic model. Namely, assume that
the function of interest f(z) = w '« + b models the log-odds ratio:

p(yi = +1|w, b, ;)

lo

=w'z; +b. (2.10)

Then the conditional distribution of Y| X is given by

1
Py = +1w,b3:) = gy = o(w'z; +b), (2.11)
1
Pl = U byi) = ey = ol-wlai = b) (2.12)

where we denoted by o(t) = 1/(1 + e~ %) the logistic function which maps the real line

o (0,1) interval. Note that the logistic function satisfies o(—t) = 1 — o(¢). Thus,
we can write ([2.11) and [@2.12) as p(y;|w, b, ;) = o(y;(w'x; + b)) and the conditional
log-likelihood of the outputs given the inputs is

log p(y|w, b, X) = logHa yi(w'z; + b)) Zlog( + e_yi(wai+b)> .
=1

Thus finding the parameters w and b that maximise the conditional log-likelihood is
equivalent to minimising the empirical risk corresponding to the logistic loss, which is
the negative log-likelihood of the linear log-odds model. Moreover, the regularisation
term can be interpreted as a normal prior on w in Bayesian logistic regression. Again,
there is no closed form solution for logistic regression, but the objective is convex and
differentiable and the numerical optimisation via gradient ascent or Newton-Raphson
algorithm can be used.

The connection between maximisation of the log-likelihood and minimisation of the
empirical risk extends beyond logistic regression. Indeed, in the context of classification,

15
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whenever p(y;|x;,0) is a log-concave function of y;fp(x;), we can define a convex loss
p(yfo(x)) = —logp(yi|zi, 0). But the converse is not true, e.g. hinge loss used in the
SVMs below does not correspond to a negative log-likelihood in any probabilistic model
(unless additional artificial classes are introduced).

2.3.3 Support Vector Machines

Support Vector Machines (SVMs) for classification use hinge loss, L(y, f(x)) = max{0, 1—
yf(x)}. Thus, for a linear classifier f(z) = w 'z + b, we obtain

1 & A
in — 1—yi(w'z; +b Zlwl|3. 2.1
min zZ;max{o, yi(w' z; + )}+n||wHQ (2.13)

wb N —

This does not have a closed form solution and requires numerical optimisation. Eq.
(2.13)) is not how you would typically see an SVM written in the literature, though.
Rather, we introduce a substitution & = max{0,1 — y;(wz; + b)}, which implies that
& >0, y;(w'z;+b) > 1—¢; and with a reparametrisation of the regularisation parameter
C = 1/2\ obtain the following equivalent form, called C-SVM:

(1, .
min <2Hw\| +CZ&>, (2.14)

i=1

subject to & >0, Yi (wT:ci + b> >1-¢;.

SVMs have the following nice property: the normal vector w of the hyperplane deter-
mining the classification rule can be written as w = Y ;" | &;y;x; where a large number of
a-coefficients (so called dual coefficients) is typically zero. Thus, only a small number of
datapoints (support vectors, those with a non-zero «) determine the learned classification
rule. In the next chapter, we will make a deep dive into SVMs, introducing it from a
completely different perspective, that of mazimum margin classification.
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3 Support Vector Machines

These notes are a revised version of lecture notes from the UCL course “Reproducing
Kernel Hilbert Spaces in Machine Learning” [10], reproduced here courtesy of Arthur
Gretton.

3.1 Duality in Convex Optimization

We will need some basic results from duality in convex optimization in order to study
support vector machines, one of the fundamental techniques for classification. This review
covers the material from [5, Sections 5.1-5.5].

3.1.1 The Lagrangian

Consider a constrained optimization problem of an objective function fy : R” — R, with
m inequality and r equality constraints:

minimize fy(z)

subject to  fi(z) <0 i=1,....m (3.1)

hj($)20 jZl,...T.
We denote D := (. domf; N ();_; domh;, and require the domain D C R™ where the
objective function fy and the constraint functions f1,..., fi, h1,..., h, are all defined to

be nonempty. We will refer to as the primal problem and denote by p* = fo (z*)
its optimal value. Any point & € D for which constraints are satisfied , i.e. f;(z) < 0,
hj(Z) = 0, is called a primal feasible point.

The Lagrangian L : R" x R™ x R" — R associated with problem is given by

L(z, A v) = fo() + Y _Nifilz) + > vhj(x).
i=1 Jj=1

The vectors A € R™ and v € R" are called Lagrange multipliers or dual variables.
The Lagrange dual function (or just “dual function”) is written

g(\,v) = inf L(xz,\,v).
zeD

The domain of g, domg, is the set of values (A, p) for which the Lagrangian is bounded
from below, i.e. g > —oo. The dual function is a pointwise infimum of afﬁneE] functions
of (A, v), hence it is concave in (\,v) [5, p. 83|. A dual feasible pair (\,v) is a pair for
which A > 0 and (), v) € domg.

LA function f : R™ — R™ is affine if it takes the form f(z) = Az + b.

17


http://www.gatsby.ucl.ac.uk/~gretton/coursefiles/rkhscourse.html
http://www.gatsby.ucl.ac.uk/~gretton/coursefiles/rkhscourse.html

3 Support Vector Machines

\ 4

Figure 3.1: Example: Lagrangian with one inequality constraint, L(z,\) = fo(z) +
Afi(z), where = here can take one of four values for ease of illustration.
The infimum of the resulting set of four affine functions is concave in A.

Proposition 3. When X = 0, then for all v we have
g\ v) <p" (3.2)

Proof. Assume & € D is feasible, i.e. f;(Z) <0, h;j(Z) =0, and assume A > 0. Then

D OXifi(®) + ) vihi(E) <0
i=1 Jj=1

and so
g\ v) = mlIéllfj folz) + z; Nifi(x) + z; vih;(z)
= j=
< fol@) + ) Nfi@) + Y vihy(E)
i=1 j=1
< fo(@).
This holds for every feasible &, and thus also for z*, hence (3.2 holds. O

Lagrangian can be interpreted as a lower bound on the original optimization problem.
Idealy we would write the problem (3.1]) as the unconstrained problem

minimize fo(x) + Z I_(fi(z))+ Z Io (hj(z)),
i=1 j=1

18



3 Support Vector Machines

~
- ~~
=

-

Figure 3.2: Linear lower bounds on indicator functions. Blue functions represent linear
lower bounds for different slopes A and v, for the inequality and equality
constraints, respectively.

where

oo u >0, oo u#0,

I_(u>:{o u<0 [O(U):{O uw=0

i.e. giving an infinite penalty when any constraint is violated. Instead of these infinite
penalty constraints (which are hard to optimize), we replace the constraints with a set
of soft linear constraints, as shown in Fig. [3.2] It is now clear why A must be positive
for the inequality constraint: a negative A would not yield a lower bound. Note also that
as well as being penalized for f; > 0, the linear lower bounds reward us for achieving
fi < 0. This is illustrated in Fig. [3.3

3.1.2 The dual problem

The dual problem attempts to find the best lower bound g(\, v) on the optimal solution
p* of (3.1). This results in the Lagrange dual problem

maximize g\, v)
subject to A= 0. (3.3)

Denote by (\*, v*) the arguments optimizing and by d* the optimal value of the dual
problem. Note that is always a convex optimization problem, since the function
being maximized is concave and the constraint set is convex. The property of weak
duality is immediate:

d* <p".
The difference p* — d* is called the optimal duality gap. If the duality gap is zero,

then strong duality holds:
d* =p".
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3 Support Vector Machines

fo+Af1
4
3 p*
1
| —>f1
-1
-2
29 —05 0 0.5 1
' —>f1 <0

Figure 3.3: Illustration of the Lagrangian on a simple problem with one inequality con-
straint (from [5, Fig. 5.1]).

Conditions under which strong duality holds are called constraint qualifications. As
an important case: strong duality holds if the primal problem is convexE| i.e. of the form

minimize fo(x)

subject to  fi(x) <0 i=1,...,n (3.4)
Ax =b
for convex fy, ..., fmn, and if Slater’s condition holds: there exists some strictly feasible

pointE| Z € relint(D) such that
Fi@) <0 i=1,...,m Az=b

A weaker version of Slater’s condition is sufficient for strong convexity when some of the
constraint functions fi,..., fx are affine (note the inequality constraints are no longer
strict):

fi(Z) <0 i=1,....k fi(#)<0 i=k+1,....,m Az=0.

A proof of this result is given in [5, Section 5.3.2].

2Strong duality can also hold for non-convex problems: see e.g. 5, p. 229].

3We denote by relint(D) the relative interior of the set D. This looks like the interior of the set, but
is non-empty even when the set is a subspace of a larger space. See |5, Section 2.1.3] for the formal
defintion.
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3 Support Vector Machines

3.1.3 A saddlepoint/game characterization of weak and strong duality

In this section, we ignore equality constraints for ease of discussion. We write the solution
to the primal problem as an optimization

A>=0 A0

sup L(z,\) = sup (fo(l‘)+z>\ifi($)>
i=1

00 otherwise.

_ {fo(af) f@)<0,i=1,...,m

In other words, we recover the primal problem when the inequality constraint holds, and
get infinity otherwise. We can therefore write

p* = infsup L(z, \).
T A=0

We already know

d* = supinf L(z, \).
A=0 %

Weak duality therefore corresponds to the max-min inequality:

supinf L(z, A) < infsup L(z, A). (3.5)
A-0 T T A0

which holds for general functions, and not just L(xz,\). Strong duality occurs at a
saddlepoint, and the inequality becomes an equality.

There is also a game interpretation: L(z, \) is a sum that must be paid by the person
adjusting x to the person adjusting A\. On the right hand side of , player x plays
first. Knowing that player 2 (A\) will maximize their return, player 1 (x) chooses their
setting to give player 2 the worst possible options over all A. The max-min inequality
says that whoever plays second has the advantage.

3.1.4 Optimality conditions

If the primal is equal to the dual, we can make some interesting observations about the
duality constraints. Denote by z* the optimum solution of the original problem (the
minimum of fp under its constraints), and by (A*,v*) the solutions to the dual. Then

fo@) = g(X*,v")
o nf (fo<x> + ; A filw) + ; V;W))
< folw?) + DN fila®) + D vihila)
i=1 i=1
< fo(CE*)7
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3 Support Vector Machines

where in (a) we use the definition of g, in (b) we use that inf,cp of the expression in the
parentheses is necessarily no greater than its value at =*, and the last line we use that
at (z*, \*,v*) we have \* = 0, f;(z*) <0, and h;(z*) = 0. From this chain of reasoning,
it follows that

m
> Nfi(z') =0, (3.6)
i=1

which is the condition of complementary slackness. This means

A >0 = fi(a") =0,
fi(z") <0 = A7 =0.

Consider now the case where the functions f;, h; are differentiable, and the duality gap
is zero. Since z* minimizes L(x, \*,v*), the derivative at x* should be zero,

V fo(x +ZA*Vf, +ZV*Vh =0.

We now gather the various conditions for optimality we have discussed. The KKT
conditions for the primal and dual variables (z, A, v) are

fz($) = 07 i = 17 M,
Z(x> - 07 L= 17 » T

Ao > 0,9=1,...,m,
)\fl(x) = 0,1=1, "z

I
e

V fola +Z)\ v filx +ZVNh

If a convex optimization problem with differentiable objective and constraint functions
satisfies Slater’s conditions, then the KKT conditions are necessary and sufficient for
global optimality.

3.2 Support vector classification

3.2.1 The linearly separable case

We first consider problem of classifying two clouds of points, where there exists a hyper-
plane which linearly separates one cloud from the other without error. This is illustrated
in Fig. for a 2-dimensional classification problem. As can be seen, there are in-
finitely many possible hyperplanes that solve this problem: the question is then: which
one to choose? The principle behind support vector machines is that we choose the one
which has the largest margin: i.e. the smallest distance from each class to the separating
hyperplane is maximized.
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3 Support Vector Machines

Figure 3.4: The linearly separable case. There are many linear separating hyperplanes,
but only one maximum margin separating hyperplane.

This problem can be expressed as followsﬁ

2
max (margin) = max (HwH) (3.8)
subject to
i T, — D —

min (w'z; +b) =1 iy = +1,

max (wT:Ui + b) =—1 1 y; = —1.
The resulting classifier is

— o T
y = sign(w 'z +b),

where sign takes value +1 for a positive argument, and —1 for a negative argument
(its value at zero is not important, since for non-pathological cases we will not need to
evaluate it there). We can rewrite to obtain

1 . 2
max —— or min |jwl|
w,b ||’U)H w,b
subject to
yi(w' x; +b) > 1. (3.10)

“Tt’s easy to see why the equation below is the margin (the distance between the positive and negative
classes): consider two points exactly opposite each other and located on the margins, such that
(z; — ;) = Pw for some scalar 8 (where we recall w is orthogonal to the decision boundary, hence
aligned with z; — z;). Then the distance between them (which is the width of the margin) is

el = (g — ) TETT) T W
lzi — 2]l = (2 — ;) z: — 24 (zi — ;) ]| (3.7)

Subtracting the two equations in the constraints (3.9) from each other, we get
w' (z; —x;) = 2.

Substituting this into (3.7) proves the result.
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3 Support Vector Machines

(I—a)t

I(a < 0)

v

Figure 3.5: The hinge loss is an upper bound on the 0/1 loss.

3.2.2 When no linear separator exists (or we want a larger margin)

If the classes are not linearly separable, we may wish to allow a certain number of errors
in the classifier (points within the margin, or even on the wrong side of the decision
boudary). We therefore want to trade off such “margin errors” vs maximising the margin.
Ideally, we would optimise

wip (310t €30 (a7 0) <1},

where C controls the tradeoff between maximum margin and loss (the factor of 1/2 is to
simplify the algebra later, and is not important: we can adjust C' accordingly). This is
a combinatorial optimization problem, which would be very expensive to solve. Instead,
we replace the indicator function with a convex upper bound,

(1 2 - T
min <2llw|\ + C;h (y (w i + b))) :
We use the hinge loss,

l-a 1—a>0

0 otherwise.

ha)=(1—a)y = {

although obviously other choices are possible (e.g. a quadratic upper bound). See Figure
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3 Support Vector Machines

Figure 3.6: The nonseparable case. Note the red point which is a distance &/||w|| from

the margin.

Substituting in the hinge loss, we get

i (e 30 (0 (750 +4)) ).

or equivalently the constrained problem

N .
min (2llwll + C;&)
subject tdf]
-
& >0 yi(w ﬂfi+b)21*§i
(compare with (3.10)). See Figure

Now let’s write the Lagrangian for this problem, and solve it.

L, b€ 0, 0) = gl 40D 643 e (1— s (w4 0) — &)+ M€
i=1 =1 i=1

with dual variable constraints
a; >0, Ai > 0.

We minimize wrt the primal variables w, b, and &.

(3.11)

) (3.12)

5To see this, we can write it as & > 1 —y; (wai + b). Thus either & = 0, and y; (mei + b) >1 as
before, or & > 0, in which case to minimize (3.11)), we’d use the smallest possible &; satisfying the

inequality, and we’d have & =1 — y; (wai + b).
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3 Support Vector Machines

Derivative wrt w:

aL n n
il Zaiyixi =0 w = Zaiyi:vi. (3.13)
i=1 i=1
Derivative wrt b:
oL > 0 (3.14)
a7 T Yia; = U. .
0b -
Derivative wrt &;:
oL
a—ng—ai—)\Z-:O ai:C—)\i. (3.15)
(2

We can replace the final constraint by noting A; > 0, hence
(67 S C.

Before writing the dual, we look at what these conditions imply about the scalars «; that
define the solution ([3.13) due to complementary slackness.
Non-margin SVs: o; = C > 0:

1. We immediately have 1 — & = y; (wTazi + b).

2. Also, from condition a; = C' — A;, we have A; = 0, hence & > 0.
Margin SVs: 0 < o; < C:

1. We again have 1 — & = y; (wT:Ei + b)

2. This time, from «; = C' — \;, we have A\; > 0, hence & = 0.
Non-SVs: a; =0

1. This time we have: y; (wT:ci + b) >1-¢

2. From o; = C' — \;, we have A; > 0, hence & = 0.

This means that the solution is sparse: all the points which are not either on the margin,
or “margin errors”, contribute nothing to the solution. In other words, only those points
on the decision boundary, or which are margin errors, contribute. Furthermore, the
influence of the non-margin SVs is bounded, since their weight cannot exceed C: thus,
severe outliers will not overwhelm the solution.

We now write the dual function, by substituting equations (3.13)), , and ([3.15)
into (3.12)), to get
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3 Support Vector Machines

o) = Gl O3 6 Yo (1= (7 ) ~6) + 3n-6)
i=1

=1
= *Zzaza]yzy]x x]+CZ£Z Zzala]yly]x Ty — bzazyz
i=1 j=1 i=1 j=1
0

+ZO41 Zalgl - Z - al)gl

=1

= ZO‘Z — fZZaza]yly]x xj.

=1 j=1

Thus, our goal is to maximize the dual,

m
T

=1 j=1
subject to the constraints
n
0<a; <C, Zyiaizo-
i=1
So far we have defined the solution for w, but not for the offset b. This is simple
to compute: for the margin SVs, i.e., those x; for which 0 < o; < C, we have 1 =

Yi (wT;UZ- + b). Thus, we can obtain b from any of these, or take an average for greater
numerical stability.

3.2.3 The v-SVM

It can be hard to interpret C. Therefore we modify the formulation to get a more intuitive
parameter. Again, we drop b for simplicity. Solve

1 1 <
. - 2_ - .
mig (2|le vp+ ;5)

subject to
p = 0
& > 0
T
yiw x; > p—E&,

where we see that we now optimize the margin width p. Thus, rather than choosing
C, we now choose v as a hyperparameter; the meaning of the latter will become clear
shortly.
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3 Support Vector Machines

The Lagrangian is

%Wﬂﬁr*%}jfr—Vp+§:aiOF—MwT%~—Q>+§:5K—&)+7@W)
=1 =1 =1

for a; > 0, B; > 0, and ~ > 0. Differentiating wrt each of the primal variables w, &, p,
and setting to zero, we get

n
w = g YTy
i=1

1
wtrp = L (5.10
v o= Zai—'y (3.17)

=1

From (; > 0, equation (3.16) implies

0<o; < n~t.
From v > 0 and (3.17)), we get
n
v < Zai.
i=1

We typically have p > 0 at the global solution (i.e. non-zero margin) and hence v = 0,

and (3.17) becomes
Z a; = V. (3.18)
i=1

Complementary slackness conditions now lead to a very convenient interpretation of
parameter v. In particular, if we denote by N(«) the set of non-margin support vectors,
i.e. margin errors, and by M («) the set of margin support vectors, then (exercise):

NG|, IN@)]+ M)
n n
Thus v corresponds to an upper bound on the proportion of margin errors and a lower
bound on the proportion of the overall number of support vectors - tuning v is hence
much more interpretable than tuning C'.
Substituting into the Lagrangian, we can also obtain the dual formulation of v-SVM,
ie.

m m
%Z Za ozjyzy]a: Ly + = Zﬁz pYv — Z Zazajyzij Lj + Zazp Zazéz

=1 j=1 =1 j=1

" /1
- — — Oy fz 047, -V
— \n
1 ml_m
=50 D iy @

i=1 j=1
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3 Support Vector Machines
Thus, we must maximize

1 m m
g(a) = D) Zzaiajyi?/jx;’rxjv

i=1 j=1

subject to

S |-

n
Y aizv 0<o<
=1
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4 Kernel Methods

4.1 Feature Maps and Feature Spaces

Kernel methods are a versatile algorithmic framework which allows construction of non-
linear machine learning algorithms (for a variety of both supervised and unsupervised
learning tasks: clustering, dimensionality reduction, classification, regression) by em-
ploying linear tools in a nonlinearly transformed feature space. Let us first recall the
definition of an abstract inner product, which is central to kernel methods.

Definition 4. [Inner product| Let H be a vector space over R. A function (-, ),
H x H — R is said to be an inner product on H if

L (onf1+a2f2,9)y = a1 (f1,9)y + a2 (f2,9)y

2. {f,9)3 = (9, Nn
3. (f,f)yy = 0and (f, f),, = 0if and only if f = 0.

We can define a norm using the inner product as || f{|% = \/(f, f)y. A Hilbert space is
a vector space on which an inner product is defined, along with an additional technical
condition[l] We are now ready to define the notion of a kernel,

Definition 5. Let X be a non-empty set. A function k : X x X — R is called a kernel
if there exists a Hilbert space and a map ¢ : X — H such that Vz,2’ € X,

k($,$/) = <<,0(.CI}), (p(x/)>7_[ :

We will call such H of kernel k a feature space and the map ¢ will be called a feature
map. Note that we imposed almost no conditions on X’: in particular, we do not require
there to be an inner product defined on the elements of X. The case of text documents
is an instructive example: one cannot take an inner product between two books, but can
take an inner product between features of the text in those books.

Clearly, a single kernel can correspond to multiple pairs of underlying feature maps
and feature spaces. For a simple example, consider X := R?:

T
I Tp X1 Tp

$1(z) =2 and = ¢9(x) = NV, SR

!Specifically, a Hilbert space must be complete, i.e. it must contain the limits of all Cauchy sequences
with respect to the norm defined by its inner product.
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4 Kernel Methods

Both ¢1 and ¢9 are valid feature maps (with feature spaces H1 = RP and Hy = R2p) of
kernel k(z,2') =z a'.

It turns out that all kernel functions (defined as inner products between some features)
are positive definite.

Definition 6. [Positive definite functions|] A symmetric function & : X x X — R is
positive definite if Vn > 1, V(aq,...a,) € R, V(z1,...,2,) € X",

n o n
ZZaiajk‘(xi,xj) Z 0.
i=1 j=1

The function k(-,-) is strictly positive definite if for mutually distinct x;, the equality
holds only when all the a; are zero

Every inner product is a positive definite function, and so is every inner product
between feature maps.

Lemma 7. Let H be any Hilbert space, X a non-empty set and ¢ : X — H. Then
k(z,y) == (o(x),0(y))y is a positive definite function.

Proof.
ZZaiajk(aci,xj) = Zz<az¢($z)7aj¢(x])>7{
i=1 j=1 i=1j=1
n 2
= D ad(a)|| >o.
i=1 U

4.2 Reproducing Kernel Hilbert Spaces

We have introduced the notation of feature spaces, and kernels on these feature spaces.
What’s more, we’ve determined that these kernels are positive definite. In this section,
we use these kernels to define functions on X. The space of such functions is known as
a reproducing kernel Hilbert space (RKHS).

Definition 8. [Reproducing kernel| Let H be a Hilbert space of functions f: X — R
defined on a non-empty set X'. A function k : X x X — R is called a reproducing kernel
of H if it satisfies

e Vre X, ky=k(,z)eH,

o Vx e X,VfeH, (fk(-,2))y = [(x) (the reproducing property).

2The corresponding terminology used for matrices is “positive semi-definite” vs “positive definite”.
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4 Kernel Methods

If ‘H has a reproducing kernel, it is called a reproducing kernel Hilbert space (RKHS).

In particular, note that for any z,y € X, reproducing kernel satisfies k(z,y) =
(k(,y),k(,2))y = (k(,x),k(-,y))n. Thus, reproducing kernel is clearly a kernel,
i.e. an inner product between features with a feature space H and a feature map
¢:x +— k(-,x). This way of writing feature mapping is called the canonical feature
map. Note that these features are not specified explicitly in a vector form, but rather as
functions on X.

We have seen that any reproducing kernel is a kernel and that every kernel is a positive
definite function. Remarkably, Moore-Aronszajn theorem [3| shows that for every positive
definite function k, there exists a unique RKHS with kernel k. The theorem is outside
of the scope of this course, but it provides an insight into the structure of the RKHS
corresponding to k. It turns out RKHS can be written as span{k (-,z) : x € X'}, i.e. the
space of all linear combinations of canonical features, completed with respect to an inner
product on these linear combinations defined as

<Z Oéik (,xz) ,Zﬁjk (',yj)> = Z Zazﬂjk (.TZ‘, yj) .
=1 Jj=1

i=1 j=1

Thus, all three notions: (1) reproducing kernel, (2) kernel as inner product between
features and (3) positive definite function, are equivalent. Recall that the feature space
of a kernel is not unique - but its RKHS (feature space as a space of functions) is - we
will henceforth denote the RKHS of kernel k by Hy. For example, for the linear kernel
k(xz,y) = x'y considered earlier, many possible feature representations exist but the
canonical feature representation that associates to each  the function k(-,z): y > z'y
is what determines the structure of its RKHS. In particular, linear kernel k(z,y) = 2"y

corresponds to the RKHS #;, which is the space of all linear functions f(z) = w'z

(why?).

4.3 Representer Theorem

Now that we have defined an RKHS, we can consider it as a hypothesis class for empirical
risk minimisation (ERM). In particular, we are looking for the function f* in the RKHS
‘Hj. which solves the regularised ERM problem

min R(7) + 9 (1£13,).

for empirical risk R(f) = LS| L(yi, f(2),x;), a loss function L: ¥ x ¥ x X — Ry

T n
and any non-decreasing function 2.

Theorem 9. There is a solution to
min R(f) 4+ Q ( 2 ) 4.1

that takes the form f* = Y"1 a;k(-, ;). If Q is strictly increasing, all solutions have
this form.
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4 Kernel Methods

Proof. Let f be any minimiser of (4.1)). Denote by fs the projection of f onto the
subspace
span{k(-,z;): i=1,...,n}

such that
f=1rs+fL
where fs = > | a;k(-, ;) and f, is orthogonal to the subspace span {k(-,z;) : i =1,...,n}.
Since
115, = sl + 12030, = 1fsll3e, -
we have

0 (118, ) = 2 (1705, -
On the other hand, the individual terms f(z;) in the loss are given by
S0

and thus empirical risks must be the same: R(f) = R(fs). Thus f; is also a minimiser
of (4.1) and if € is strictly increasing, it must be that f; = 0. 0

We see that the key parts of the theorem are the fact that the empirical risk only
depends on the components of f lying in the subspace spanned by the canonical features
and that the regulariser ©(-) is minimised when f = f, (adding additional orthogonal
components to the function makes it more complex but does not change the empirical
risk). Moreover, if § is strictly increasing, then |[f1 ||y, = 0 is required at the minimum.

4.4 Operations with Kernels

Kernels can be combined and modified to get new kernels. For example,

Lemma 10. [Sums of kernels are kernels| Given a > 0 and k, ki and ko all kernels on
X, then ak and ki + ko are kernels on X.

To prove the above, just check positive definiteness. Note that a difference between
two kernels need not be a kernel: if ki(z,x) — ko(z,x) < 0, then condition 3 of inner
product definition [4 may be violated.

Lemma 11. [Mappings between spaces| Let X and X be non-empty sets, and define a
map A : X — X. Define the kernel k on X. Then k(A(x), A(z')) is a kernel on X.

Lemma 12. [Products of kernels are kernels| Given k on X and l on Y, then

k() (2 y) =k (2,2') 1 (y,9)
18 a kernel on X x Y. Moreover, if X =), then
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4 Kernel Methods

K (:1:, x’) =k (m, $’) l (x, 1:’)

is a kernel on X.

The general proof would require some technical details about Hilbert space tensor
products, but the main idea can be understood with some simple linear algebra. We
consider the case where H corresponding to k is R, and G corresponding to [ is RV,
Write k (z,2") = @(x)To(2') and I (y,y') = ¥(y) "¥(y'). We will use that a notion of
inner product between matrices A € RM*N and B € RM*N s given by

(A, B) = trace(A' B). (4.2)
Then

k() (y,y) = @) e@) ) vy
= tr(Y)e(x) o) )")
= (@) o)),

thus we can define features A(x,7y) = @(x)¥(y)" of the product kernel.
The sum and product rules allow us to define a huge variety of kernels.

Lemma 13. [Polynomial kernels| Let x,2' € RP for p > 1, and let m > 1 be an integer
and ¢ > 0. Then
k(z,2") = ((z,2") + )"

1s a valid kernel.

To prove: expand out this expression into a sum (with non-negative scalars) of kernels
(x,2') raised to integer powers. These individual terms are valid kernels by the product
rule.

Can we extend this combination of sum and product rule to sums with infinitely
many terms? Consider for example the exponential function applied to an inner product
k(xz,2") = exp ({(x,2')). Since addition and multiplication preserve positive definiteness
and since all the coefficients in the Taylor series expansion of the exponential function
are nonnegative, kp,(z,2') = >0, <$’f!,>r is a valid kernel Vm € N. Fix some {a;}
and {z;}. Then A,, = Zm ook (x5, 25) > 0 Vm since ky, is positive definite. But
Ap = 32, ciajexp ((z,25)) as m — 00, 50 D, - oy exp ((zi, 7)) > 0 as well. Thus,
exp ((z,2')) is also a valid kernel (it is called ezponential kernel). We may combine all the
results above (ezercise) to show that the following in practice widely used kernel, known
under various names: Gaussian, Gaussian RBF, squared exponential or exponentiated
quadratic is a valid kernel on RP:

1
k(z,2) ;= exp <—%‘2 HZL‘ - :U'H2> .

The RKHS of this kernel is infinite-dimensional. Moreover, if the domain X is a compact
subset of RP, its RKHS is dense in the space of all bounded continuous functions with
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4 Kernel Methods

respect to the uniform norm. Despite that, since all functions in its RKHS are infinitely
differentiable, Gaussian kernel is often considered to be excessively smooth. A less smooth
alternative is the Matérn family, given by

1-v v
ko a!) — 2 (ﬁux_f\o KV<*/37Hx_x'H>, y> 0,750,

L) \ v
where K, is the modified Bessel function of the second kind of order v. The Matérn

kernels corresponding to the values v = s + % for non-negative integers s take a simpler
form, in particular:

o v=1/2: k(x,2') = exp (f% |z — :U’||>,
o v=23/2: k(z,2') = (1 + ? |E3 —l‘/H) exp (—? IE —x’H),

o v="5/2 k(z,2) = (1 + B ||z — 2| + 25 o — x’HQ) exp (—é |z — x’||>.

For v = s + %, its RKHS consists of s + 1 times differentiable functions with square
integrable derivatives of order up to s + 1. Moreover, the RKHS norms directly penalize
the derivatives of f, e.g. for v = 3/2 and in one dimension, it can be shown that

Im%a/fhﬂhﬁi/ﬂﬁm+;/ﬂﬁﬁ-

As v — 0o, Matérn kernel converges to the Gaussian RBF k(z, 2') = exp <7# |z — x’H2>.

4.5 Kernel SVM

We can straightforwardly define a maximum margin classifier, i.e. a Support Vector Ma-
chine (SVM) in the RKHS. We write the original hinge loss formulation of the regularized
empirical risk minimization (ignoring the offset b here for simplicityED:

ﬁg(;ww%+c§ju—ym%kuhwﬂn>

i=1
for the RKHS H with kernel k(z,2’). This “kernelized” SVM satisfies the assumption of

the representer theorem, so we are looking for the solutions of the form
n
w=>Y Bik(zi,-). (4.3)
=1

In this case, maximizing the margin in the RKHS is equivalent to minimizing ||w||3: as
we have seen, for many RKHSs (e.g. the RKHS corresponding to a Gaussian kernel),
this corresponds to enforcing smoothness of the learned functions.

3Note that it suffices to add a constant feature or equivalently use the kernel k(x,2’) + 1 to include the
offset.
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4 Kernel Methods

Substituting (4.3) and introducing the &; variables as before, we get

(1 -
min <2ﬂTK6 +CY fi) (4.4)

i=1

n
subject to & >0 Yi Zﬂjk(a:i,ajj) >1-¢
j=1
where the matrix K has 4, jth entry K;; = k(x;,x;). Thus, the primal variables w are
replaced with coefficients 3. Note that the problem remains convex since matrix K is
positive definite. With an easy calculation (left for exercise), we can verify that the dual

takes the form
m 1 m m
g(a) = Z a- g Z Z oo yiyk (i, ),
i=1 i=1 j=1
subject to the constraints
0 S 6%} S Ca

and the decision function takes the form
n
w = Zyiaik(m, ).
i=1

This is analogous to the original dual SVM, with inner products replaced with the kernel

k.

4.6 Kernel PCA

Kernel PCA is a popular nonlinear dimensionality reduction technique [20]. Assume
we have a dataset {x;}" ,, where ; € RP. Consider an explicit feature transformation
x — o(r) € H, and assume that we are interested in performing PCA in the feature
space H. Assume that the features {¢(x;)}; are centred. Assume for the moment that
the feature space is finite-dimensional, i.e. H = RM. Then the M x M sample covariance
matrix in the feature space is given by

1

1 n
> (@) = o7,
=1

S =
n—14 n—1

where ® € R™M is the feature representation of the data. To perform PCA, recall
that we are interested in solving the eigenvalue problem Sv,, = A\pvm, m =1,..., M,
and we need the top k& < min{n, M} eigenvectors v,, m = 1,...,k, to construct
the PC projections ZZ-(m) = v, ¢ (x;). A property analogous to the representer theo-
rem holds here: whenever \,, > 0, the eigenvectors lie in the linear span of feature

vectors span {p(z;) : i =1,...,n}, ie.

U, = Zamigo(xi) (4.5)
=1
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4 Kernel Methods

for some scalars a,,;. To see this, note that

AmUm = Sv,, = ﬁ ;cp(xz) (cp(:zi)Tvm>

and since A\, > 0, it suffices to take a,,; = m (go(xi)—rvm) and clearly v, has
form . Thus eigenvectors can also be recovered in the dual space. Consider now
the n x n kernel matrix K with K;; = k(z;,7;) = ¢(x;) " ¢(x;). By substituting v, =
S amip(x;) back into the eigenvalue problem, we have:

To express the above in terms of the kernel matrix, we project both sides onto ¢(x;), for
each j =1,...,n. This gives

1 n n n ‘
— Zk(acj,xi) Zamgk(xi,xg) = )\mZamik(:cj,a:i), j=1,...,n,
i=1 =1 i=1

which in matrix notation can be written as
K20, = An(n — 1D)Kayy,.

Assuming that K is invertible, a,, vectors can be found as the eigenvectors of the kernel
matrix K with corresponding eigenvalues given by A, (n — 1).

But if we simply perform the eigendecomposition of K, we will obtain n-dimensional
eigenvectors of unit norm, and we are after the M-dimensional eigenvectors v,, of S
which have unit norm. We see that 1 = v, v, = ) Kam = Mn(n — 1)a,,am,. Thus, if
Uy, denotes the m-th eigenvector of K with unit norm, to ensure that v, has unit norm,
we need to rescale a,, = U /v/Am(n —1). Now, we have an implicit representation of

eigenvectors in terms of their dual coefficients. The PC projections are

}
A =vho (@) = | Y amiees) | o) =3 amk(aj, @),
j=1 j=1

or equivalently, the m-th dimension of the PC projections is given by

2™ = Kam = An(n — Dam = v/ An(n— i, (4.6)

We have seen this before! Note that PC projections can be discovered from the SVD
® = UDV " as either Z = ®V or Z = UD. The latter expression is exactly , since
Uy, are the eigenvectors of kernel matrix K (i.e. the left singular vectors of the feature
matrix ®) and Dy = /Am(n — 1) (why?). But note that the eigendecomposition of
K and these projections do not require explicit feature transformations - thus, all the
computation is happening in the dual representation and ¢(z;) need not be computed,
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4 Kernel Methods

only the kernel matrix K with K;; = k(x;, z;). The kernel formalism also allows us to
compute the projection v, (%) of a new (previously unseen) data vector & € RP to the
m-th kernel principal component using

n T n
(Z amiso(xi)) P(Z) =Y amik(wi, ) = apks,
i=1 =1

where ki = [k(21,%),...,k(zn, )], so again no explicit feature transformations are
needed.

Recall that the above all assumes that the features are centred, i.e. that £ 3°7 | o(z;) =
0, but if we are just given a kernel function k(z,z’), there is no reason to believe that
the features would be centred. Fortunately, it is straightforward to transform any kernel
matrix into a centred form. Note that the squared distance matrix in the feature space,
i.e. matrix D for which

Dy = [lp(z:) — ()13, = k(wi, 23) + k(xj, 25) — 2k(2i,25)
can easily be recovered from the Gram/kernel matrix. In matrix form, In matrix form,
D = diag (K) 1" + 1diag (K)' — 2K.

But distances are invariant to centering and the Gram matrix corresponding to centred
features can then also be recovered from the distance matrix (exercise).

4.7 Representation of probabilities in RKHS

We have seen that kernel methods effectively work on implicit representations of indi-
vidual data points, via the canonical feature map ¢: = — k (-, z), such that every data
point is represented as a point in the RKHS Hj. One can similarly represent probability
distributions P in the RKHSs by considering the kernel mean embedding

P py (P) = Ex.pk (-, X) € H.

This is a potentially infinite-dimensional representation of P akin to a characteristic
function of a probability distribution. Kernel mean embedding represents expectations

over RKHS:

(foon (P))gy, = Ex~pf(X), Vfe€H;

and exists whenever f +— Ex.pf(X) is a bounded functional. Note that this is always
true if the kernel function itself is bounded, i.e. k(z,y) < M < oo Vr,y. Namely, by
Cauchy-Schwarz

Ex~pf(X) =Exop (fk (X)) < || fllzg, Ex~p Ik (- X, < VM| flly,
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4 Kernel Methods

Such representation imposes a simple Hilbert space structure on probability distribu-
tions. In particular, inner products between kernel mean embeddings can be computed
as

(ke (P) 5 (Q)>Hk =Ex-pEygk(X,Y).

Now, we can easily estimate the (squared) distances between probability measures
induced by this RKHS representation since they correspond to simple expectations. Such
distances are called Mazimum Mean Discrepancy (MMD):

2

MMD3 (P, Q) = ik (P) — i Q)3 = By a6 XAE, g KV, Y ~2Excpy - gh(X, V)
The name MMD comes from the following interpretation: it can also be written as the

largest discrepancy between expectations of the unit norm RKHS functions with respect

to two distributions (exercise):

MMDy, (P, Q) = sup Ex~pf(X)—Eyqf(Y)|.
FEH1 |y, <1

For a large class of kernels, including Gaussian, Matern family and inverse mul-
tiquadrics, MMD is a proper metric on probability distributions, in the sense that
MMDy (P,Q) = 0 implies P = @. Such kernels are called characteristicc. MMD is a

popular probability metric, used for nonparametric hypothesis testing [11] and in various
machine learning applications, e.g. training deep generative models [§].
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5 Spectral Clustering

5.1 Clustering and Graph Cuts

K-means algorithm will often fail when applied to data with elongated or non-convex clus-
ter structures. An alternative approach to clustering is to use graph cuts on a weighted
undirected similarity graph G = ({1,...,n}, W) induced by the dataset consisting of
n observations {z;}_ ;. The n vertices represent the observations and pairs of vertices
are connected by an edge if their similarity exceeds some threshold. This is based on a
similarity (affinity/kernel) matrix W (e.g., a non-negative kernel k(x;, ;) can be used as
the graph weight wj;, or one could consider nearest neighbour graphs leading to sparse
similarity matrices). We wish to partition the dataset into K clusters, which can be
thought of as a partition C1,Cs,...,Ck of the vertex set {1,...,n}. The overall graph
cut across clusters is given by

K
cut (Cy,...,Ck) = Zcut(C’k, C_'k),
k=1

where C, is the complement of C, and cut(4, B) = > _icA jep Wij 1s the sum of the weights
separating vertex subset A from the vertex subset B, where A and B are disjoint.

The result of cut minimization, however, results with very small cluster sizes (i.e. it
would typically split a single datapoint from the rest), so one needs to balance the cuts
by the cluster sizes in the partition. One approach is to consider the notion of “ratio cut"

K

ratio-cut (C1,...,Ck) = Z W
k
k=1

Unfortunately, minimizing this criterion is computationally hard to solve. Spectral
clustering algorithm uses a relaxation of the problem of minimizing the ratio cut.

5.2 Graph Laplacian

Definition 14. The (unnormalized) Laplacian of a graph G = ({1,...,n}, W) is an
n X n matrix given by

L=D-W,
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5 Spectral Clustering

where D = diag (W1) is a diagonal matrix with D;; = deg(7), and deg(i) denotes the
degree of vertex i defined as

deg(i) = Zw’j‘
j=1

Note that the Laplacian always has the column vector 1 as an eigenvector with eigenvalue
0 (since all rows sum to zero).

Exercise 15. For all a € R"
1
a'La = 3 Zwij (a; — aj)2 >0,
17]

which means that the Laplacian is a positive semi-definite matrix, and all the eigenvalues
are non-negative.

5.3 Laplacian and Ratio Cuts

The relationship between the ratio cuts and the graph Laplacian is given in the following:

Lemma 16. For a given partition C1,Co,...,Ck define the column vectors hy € R™ as
1
hp; = ——1g; .
ki \/m {ieCy}
Then
K
ratio-cut (C1,...,Ck) = Z hj Lhy,. (5.1)
k=1

Note that the vectors hy are orthonormal by construction. Thus, to minimize the ratio
cut exactly, we can search for orthonormal vectors hy with entries either 0 or 1/4/|Ck|
which minimize the RHS in . This is equivalent to integer programming so it is
computationally hard. Thus, we instead look for any collection of orthonormal vectors
hi that minimize RHS in (5.1)) — which corresponds to the eigendecomposition of the
Laplacian.

If the original graph is disconnected, in addition to 1, there would be other 0-eigenvectors
of L, corresponding to the indicators of the connected components of the graph (see The-
orem 25.4.1 in [I5]). The idea of spectral clustering is to assume that the graph we end
up with based on the dataset, while possibly not disconnected, is a “small perturbation"
of a disconnected graph, and we are trying to recover connected components, i.e., clusters
based on a noisy version of the true Laplacian of the underlying disconnected graph.

The algorithm proceeds by eigendecomposing L and taking the K eigenvectors corre-
sponding to the K smallest eigenvalues — this gives a new "data representation"

Z=[u,...,ug] € R™*K
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5 Spectral Clustering

on which we can apply a more conventional clustering algorithm, such as K-means.

Remark 17. A number of normalized graph Laplacians have also been proposed, which
are based on slightly different “balancing" formulation of cuts, including the “random
walk" matrix I — D™'W and I — D~'/2WD~1/2,

[23] provides an in-depth overview of spectral clustering.

5.4 Other Spectral Methods

The principles behind spectral clustering and Laplacian matrices can be applied more
widely, to other machine learning applications. In semi-supervised learning, one can
include an additional Manifold reqularizer M TLf which penalizes large differences be-
tween the values f; = f(z;) and f; = f(x;) of the regression/decision function f we
wish to learn for neighbouring vertices i and j [2]. Another example arises when dealing
with the problem of ranking n items based solely on their pairwise comparisons: ranking
can be extracted from the Fiedler vector of L, i.e. the eigenvector corresponding to the
smallest non-zero eigenvalue, based on a similarity matrix suitably defined from pairwise
comparisons [9].
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6 Latent Variable Models and EM
algorithm

6.1 Clustering and Mixture Modelling

K-means and hierarchical clustering are non-probabilistic algorithms — based on the in-
tuitive notions of clustering “similar" instances together and “dissimilar" instances apart.
Their goal is not to model the probability of the observed data items. In contrast, prob-
abilistic unsupervised learning constructs a generative model that describes clustering of
the items. We assume that there is some latent / unobserved process that is governing
the data generation - and based on the data, we will try to answer the questions about
this generating process.

Mixture models assume that our dataset X was created by sampling iid from K distinct
populations (called mizture components). In other words, data come from a mixture of
several sources and the model for the data can be viewed as a convex combination of
several distinct probability distributions, often modelled with a given parametric family.

Samples in population k can be modelled using a distribution F),, with density f(z|uz),
where py is the model parameter for the k-th component. For a concrete example,
consider a p-dimensional multivariate normal density with unknown mean pi and known
diagonal covariance 021,

_p 1
Felun) = 27025 exp (—er—uku%). (6.1)

Such model corresponds to the following generative model, whereby for each data item
1=1,2,...,n, we

(i) first determine the assignment variable (independently for each data item 7):

Z; % Mult(ry, . .., k) ie., P(Z = k) = m,

where for k = 1,..., K, m; > 0, such that Zszl m = 1, are the mixing proportions,
additional model parameters to be inferred;

ii) then, given the assignment Z; = k of the mixture component, X; = X.(l), v, X (P T
7 (2
is sampled (independently) from the corresponding k-th component:

Xil(Zi = k) ~ f(x|p)-
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We observe X; = z; for each ¢ but do not observe its assignment Z; (latent variables),
and would like to infer the parameters 6 = (1, ..., ux,m1,...,7K) as well as the latent
variables.

Note that the complete log-likelihood in the model

log p(z, X|0) = log (H Wzif(wzluzi)> = (logms, +log f(zilp=))  (6.2)

i=1 i=1
is not available as z; is not observed. We can consider marginalising over the latent
variables

K K n n K
000 = 3 3 Trstoli) < T (L st} 60
z1=1 zn=11i=1 1 \k=1

1=

giving the marginal log-likelihood of the observations,

((8) = log p(X|6) = ZlogZTrkf wilk)-
=1

However, direct maximisation is not feasible and the marginal log-likelihood will often
have many local optima. Fortunately, there is a simple local marginal log-likelihood
maximisation algorithm called Expectation Maximisation (EM), which we will describe

in Section [6.3

6.2 KL Divergence and Gibbs’ Inequality

Before we describe the EM algorithm, we will review the notion of Kullback-Leibler (KL)
divergence or relative entropy between probability distributions P and Q.

KL divergence.

e Let P and Q be two absolutely continuous probability distributions on X C R4
with densities p and q respectively. Then the KL divergence from @ to P is defined
as

Di (P @) = [ plo)log Eid (6.4)

e Let P and @Q be two discrete probability distributions with probability mass func-
tions p and g respectively. Then the KL divergence from @ to P is defined as

i)
o0

Dk (P| Q) = Zp (i log (6.5)
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In both cases, we can write

p(X)
Drr(P| Q) =E [log ] 6.6
where E,, denotes that expectation is taken over p. By convexity of f(z) = —log(x) and

Jensen’s inequality , we have that

(%) E, 2’ =0, (6.7)

Diw (P11 Q) =By | -log 20| > ~1og, 2

where in the last step we used that [, ¢(z)dz =1 in continuous case and Y, q(x;) = 1
in discrete case.

Jensen’s inequality. Let f be a convex function and X be a random variable. Then
E[f(X)] > f (EX). (6.8)

If f is strictly convex, then equality holds if and only if X is almost surely a constant.

Thus, we conclude that KL-divergence is always non-negative. This consequence of
Jensen’s inequality is called Gibbs’ inequality. Moreover, since f(x) = —log(z) is strictly
convex on x > 0, the equality holds if and only if p(x) = ¢(z) almost everywhere, i.e. P =
Q. Note that in general KL-divergence is not symmetric: Dk, (P || Q) # Dk, (Q || P).

6.3 EM Algorithm

EM algorithm is a general purpose iterative strategy for local maximisation of the likeli-
hood under missing data/hidden variables. The method has been proposed many times
for specific models— it was given its name and studied as a general framework by [7].

Let (X, z) be a pair of observed variables X, and latent variables z. Our probabilistic
model is given by p(X,z|f), but we have no access to z. Therefore, we would like to
maximise the observed data log-likelihood (marginal log-likelihood) ¢(0) = log p(X|0) =
log [ p(X,z|0)dz over §. However, marginalisation of latent variables typically results in
an intractable optimization problem and we need to resort to approximations.

Now, assume for a moment that we have access to another objective function (0, q),
where ¢(z) is a certain distribution on latent variables z, which we are free to choose and
will call variational distribution. Moreover, assume that F satisfies

F(0,q) <¢(0) for all 8, q, (6.9)
m;ax]—"(@,q) = {(0), (6.10)

ie. F(0,q) is a lower bound on the log-likelihood for any variational distribution ¢ 7
which also matches the log-likelihood at a particular choice of ¢ .

Given these two properites, we can construct an alternating maximisation: coordinate
ascent algorithm as follows:
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Coordinate ascent on the lower bound. For ¢ = 1,2... until convergence:

N

01 .= argmaxy F (6, ¢).

¢ = argmaxq}"(ﬁ(

Theorem 18. Assuming and (6.10)), coordinate ascent on the lower bound F(0,q)
does not decrease the log likelihood £(6).

Proof. £(0¢1) = F(OUD ¢®) < FOD,¢®) < FOD,q#D) = £(0®). Additional
assumption, that Vg]—" (H(t), q(t)) are negative definite with eigenvalues < —e < 0, implies
that 8 — #* where 6* is a local MLE. O

But how to find such lower bound F? It is given by the so called wvariational free
energy, which we define next.

Definition 19. Variational free energy in a latent variable model p(X, z|0) is defined as
F(0,q) = Eqllog p(X, 2|0) — log q(z)], (6.11)

where ¢ is any probability density/mass function over the latent variables z.

Consider the KL divergence between ¢(z) and the true conditional based on our model
p(z|X,0) = p(X,z]0)/p(X|#) for the observations X and a fixed parameter vector 6.
Since KL is non-negative,

0< Dkrlq(z) | p(z[X,0)] = Eung logp(zq\()z(),m

q(z)
= logp(X|0) + Ezq lo .

Thus, we have obtained a lower bound on the marginal log-likelihood which holds true
for any parameter value 6 and any choice of the variational distribution q:

entropy
X —_—
£(0) = logp(X[#) = Ez~qlog p(q(,zz)|0) = E,uqlogp(X,z|0) —E, logq(z).  (6.12)

energy

The right hand side in is precisely the variational free energy - we see it decom-
poses in two terms. The first term is usually referred to as energy using the physics
terminology, more precisely it is the expected complete data log-likelihood (if we observed
z, we would just maximise the complete data log-likelihood log p(X,z|f), but since z

46



6 Latent Variable Models and EM algorithm

is not observed we need to integrate it out - but recall that g here is any distribution
over latent variables). The second term is the Shannon entropy H(q) = —E,log¢(z) of
the variational distribution ¢(z), and does not depend on € (it can be thought of as the
complexity penalty on q).

The inequality becomes an equality when KL divergence is zero, i.e. when ¢(z) =
p(z|X,0) which means that the optimal choice of variational distribution ¢ for fixed
parameter value 6 is the true conditional of the latent variables given the observations
and that 6.

Thus, we have proved the following lemma:

Lemma 20. Let F be the variational free energy in a latent variable model p(X,z|0).
Then (a) F(0,q) < €(0) for all ¢ and for all 0, and (b) for any 0, F(6,q) = £(0) iff
q(z) = p(z[x, 0).

Thus, properties and are satisfied and we can recast the alternating max-
imisation of the variational free energy into iterative updates of ¢ (E-step, via the plug-in
full conditional of z using the current estimate of ) and the updates of 6§ (M-step, by
maximising the ’energy’ for the current estimate of ¢). Provided that both E-step and
M-step can be solved exactly, EM Algorithm converges to the local maximum likelihood
solution.

EM Algorithm. Initialize 0. At time ¢ > 1:
o E-step: Set ¢\ (z) = p(z|X,0¢—D)

o M-step: Set ) = argmaxg E,q® log p(X, z|0).

6.4 EM Algorithm for Mixtures

Consider again our mixture model from Section with

=1

Recall that our latent variables z are discrete (they correspond to cluster assignments)
so ¢ is a probability mass function over z := (z;)/" ;. Using the expression (6.2)), we can
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write the variational free energy as

F(0,q) =Ey[log p(X, z|0) — log q(z)]

n K
=E, [(Z Z 1(z; = k) (log . + log f($z|ﬂk))> — log Q(Z)]

i=1 k=1
n K
= 4(2) [(Z 1(z; = k) (log m, +1ogf(mz|uk))> - 10gCJ(Z)]
z =1 k=1
n K
:ZZQ ) (log i, + log f (x| px)) + H(q).

1 k=1

7

We will denote Q;r = q(z; = k), which is called responsibility of cluster k for data item

Now, the E-step simplifies because

p(X, z|0) anl o, f (i) s 7o f (wil )
p Z X’ 9 — — XA n K3 7 — 2 7
X0 = S0~ S T md i)~ LS, mrtealis
= H (Zﬂl‘u 9)
i=1
Thus, for a fixed §¢—1) = (,u(lt_l), ce u%_l), 7T§t_1) W% 1)) we can set

71_](;t—l)fa( Z|IUJI(€1t—1))
S AT plal el )

Now, consider the M-step. For mixing proportions we have a constraint that Z]K: 1T =
1, so we introduce the Lagrange multiplier and obtain

Vo (F(0.0) = A(Z I 7 - 1)

QYY) = p(z = Kl 007Y) = (6.13)

Since

the M-step update for mixing proportions is

n t
0 _ T O

p (6.14)
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6 Latent Variable Models and EM algorithm

i.e., they are simply given by the total responsibility of each cluster. Note that this
update holds regardless of the form of the parametric family f(-|ux) used for mixture
components.

Setting derivative with respect to uy to 0, we obtain

Vi F(0,9) = Qik Vi, log f (il ) = 0. (6.15)

=1

This equation can be solved quite easily for mixture of normals in (6.1), giving the
M-step update

0 _ i Qs
M = (6.16)
2im1 Qi
which implies that the k-th cluster mean estimate is simply a weighted average of all
the data items, where the weights correspond to the responsibilities of cluster k for these
points.

Put together, the EM for normal mixture model with known (fixed) covariance is
very similar to K-means algorithm where cluster assignments are soft, i.e. rather than
assigning each data item x; to a single cluster at each iteration, we carry forward a
responsibility vector (Qi1,...,Qix) giving probabilities of x; belonging to each cluster.
Indeed, K-means algorithm can be undestood as EM where 02 — 0, such that E-step
will assign exactly one entry in (Q;1, . .., Qix) to one (corresponding to the nearest mean
vector) and the rest to zero.

EM for Normal Mixtures (known covariance) — “Soft K-means"
1. Initialize K cluster means puy, ..., ux and mixing proportions 7y, ..., Tk
2. Update responsibilites (E-step): For eachi=1,...,n, k=1,... K:

m, exp (=g |lwi — pkl13)

Qik = K
i1 ™5 exp (—giz e — p5l2)

(6.17)

3. Update parameters (M-step): Set p1,...,ux and 71, ..., 7 and based on the new
cluster responsibilities:

_ Z?:1 Qik _ Z?:1 QirT;

p— 7, _— ni. 6~]-8
™ n i Zi:1 Qi ( )

4. Repeat steps 2-3 until convergence.

5. Return the responsibilites {Q;x} and parameters puq,..., pg,71,...,TK-
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6 Latent Variable Models and EM algorithm

In some cases, depending on the form of the parametric family f(-|ur) the M-step
update for mixtures cannot be solved exactly. In these cases, we can use gradient ascent
algorithm inside the M-step:

plr D = 0 D QikV log fas ).
=1

This leads to generalized EM algorithm.

6.5 Probabilistic PCA

So far, we have considered the application of EM to clustering, but it can be applied to
latent variable models more broadly. Here, we will derive EM for Probabilistic PCA [22],
a latent variable model for probabilistic dimensionality reduction. Just like in PCA, we
try to model a collection of n p-dimensional vectors using a k-dimensional representation
with k < p. Probabilistic PCA corresponds to the following generative model.

For each data item i =1,2,...,n:

e Let Y; be a (latent) k-dimensional normally distributed random vector with mean
0 and identity covariance:
Yi ~ N (0, I),

e Given Yj, the distribution of the i-th data item is a p-dimensional normal:
X; ~ N(u+ LY;, 0%1)

where the parameters § = (u, L,0?) correspond to a vector u € RP, a matrix
L € RP*F and o2 > 0.

Note that unlike in clustering, the latent variables Y1, ...,Y,, are now continuous.
From an equivalent representation X; = p + LY; + ¢, where € ~ N (0,02Ip) and is
independent of Y, we see that the marginal model on X;’s is

f(z|0) = N<$;/,L,LLT+U2I>,

where parameters are denoted 6 = (,u, L, 02). From here it is clear that the maximum
marginal likelihood estimator of p is available directly as i = %Z?:l X; and thus, we
do not require EM to estimate . We will henceforth assume that the data is centred, to
simplify notation and remove p from the parameters.

On the other hand, maximum marginal likelihood solution for L is unique only up
to orthonormal transformations, which is why a certain form of L is usually enforced
(e.g. lower-triangular, orthogonal columns). [22] shows that the MLE for PPCA has
the following form. Let Ay > --- > A, be the eigenvalues of the sample covariance and
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6 Latent Variable Models and EM algorithm

Vi.ie € RPXF the top k eigenvectors as before. Let @ € R¥** be any orthogonal matrix.
Then we have:

MLE —
1% =z (o p— k E] k+1

LMLE = mkdlag(()‘l - (U )MLE)2 ) ()‘k - (UQ)MLE)%)Q

)MLE

We note that the standard PCA is recovered when 0? — 0. However, the EM algorithm
we derive below can be faster than eigendecomposition, can be implemented online, can
handle missing data and can be extended to more complicated models. We will now
proceed by deriving the EM algorithm.

E-step.

By Gaussian conditioning (ezercise),
q(yi) = p(yili, 0) = N (yilbi, R),
where
~1
b = (LTL + 021) LTa, (6.19)

R = o <LTL+U2I)71. (6.20)

M-step.

Recall that the parameters of interest are 6 = (L,a2) (since the marginal maximum
likelihood estimate of the mean parameter u is directly available). We would like to
maximise the variational free energy given by:

F(0,q9) = Eyq + const.

> " log p(ai, yil6)

i=1

By ignoring terms that do not depend on # and denoting =, to mean “equal up to a
constant independent on 6”

1
logp($17y1|'9) =c— 5 10g0 ﬁ (xz - Lyz) ( Tg — Lyi)

1
=, — gloga 292 {:c T — 2a:TLyZ + v, LTLyZ}
1
=5 loga 352 {:1:;37@ — QJUTLyZ + Tr [LTLyzyZ } }
Taking expectation over q(y;) = N (yi|bi, R) gives

1
Ey,~q (log p(zi,yil0)) =¢ —g log 0% — By {J:lTa:Z — 22 Lb; + Tr [LTL (bibiT + R)] } .
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6 Latent Variable Models and EM algorithm

It remains to sum over all observations to get

F0,9) = —% log o2

~552 {Zaz xl—QZxTLb + Tr

=1

L'L (Z bib; + nR>

=1

}

Now, we have
8]—" g
= {lebT (Z bib; + nR> } :
i=1
which by setting to 0 gives the update rule

n n -1
7 (new) _ (Z xb] ) (Z bib] + nR> : (6.21)
=1

=1

Letting 7 = 02, we have:
1
%T _ ”21’_{§ e a:z—2§ ‘ol Lb + Tr LTL<§ :bbT+nR> }
T T
=1 =1
and thus

( )(IleW) o {Zx IZ_QZxTLnew)b +TI'

=1

L(neW)TL new) <Z b bT + nR)

=1

|

(6.22)

Both Probabilistic PCA and normal mixtures are examples of linear Gaussian models,

all of which have the corresponding learning algorithms based on EM. For a unifying

review of these and a number of other models from the same family, including factor
analysis and hidden Markov models, cf. [1§].
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7 Collaborative Filtering

7.1 Ratings and Recommendations

Collaborative Filtering (CF) is a collective name for a range of techniques that tackle
the problem of making predictions about the preferences of a set of users on a set of
items, based on the user’s ratings on other items and based on the ratings of other users.
Typical example concerns predicting movie preferences based on the ratings of previously
watched movies — popularized by the 2006 Netflix competition.

movie \ user | Alice | Bob | Chuck | Dan | Eve
Happy Gilmore ? 2 5 1 4
Click 1 ? 4 ? ?
Ex Machina ? 4 ? ? 2
Blade Runner 5 ? 1 ? ?
The Matrix 5 5 ? ? 4

In a typical setup, we have a partially observed matrix Y € R™*"2 where y; ; is the
rating (e.g. between 1 and 5) of movie i by user j, assuming we have n; movies and ng
usersﬂ Most entries will be missing/unknown since most users will not have rated most
movies. We will also introduce a matrix of exposure indicators E where ¢; ; = 1 if the
user j has rated movie 7 and e; ; = 0 otherwise.

7.2 Content-Based Recommendations and Alternating
Linear Regressions

In the case where additional attributes about users or about the movies are observed, the
problem can be treated in a supervised learning fashion. Assume that for each movie i
we also have access to a feature vector ¢; = [¢i1,...,¢u]" € RF (for example, ¢;; may
indicate whether a movie ¢ is a romantic comedy, ¢;2 whether it is based on a comic book
etc). Then we could simply formulate the problem as ng separate linear modelﬂ for each
user j:

min Y (yag — 6 vi)* F NlllE G =1 e (7.1)

J iie; =1

'note the departure from our usual n X p convention — indeed, we will consider that both users and
movies have some underlying set of variables — but that these are not necessarily observed

2in the typical case of integer ratings, a generalised linear model is more appropriate, as linear model
can make predictions outside of the range of valid rating values, but we are keeping things simple
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7 Collaborative Filtering

Here, 1; is the corresponding vector of coefficients in the linear model, and we have
included the Lo-regularization term (which becomes important if some users have rated
only a small number of movies). This model is called content-based recommendation
system since it depends on specific features of the movies. Note that content-based
recommendations are not “collaborative" in the sense that recommendations made to a
user do not make use of the information across the entire user-base.

We often do not have appropriate features for movies and even if we do, it is not
clear if those specific features are relevant for ratings prediction. Notice that v¢; =
Wi, .-, @szk]T € R¥ in can be treated as a preference vector for each user j (e.g.
11 tells us whether the user j likes romantic comedies, ;o whether the user j likes
movies based on comic books etc), so let us assume for the moment that we have access
to these user preferences but not to the actual feature vectors ¢; for the movies. Because
of the symmetry in the model, we can now infer those feature vectors, based on the
preferences:

min D (i — ol v)’ + Nellgills, i=1, (7.2)

! Jjieqj=1

Thus, we see that it is possible to formulate the predictions not based on features of
the movies nor based on the preferences of the users (either of which may or may not
be observed), but merely on the ratings matrix: we randomly initialise movie feature
vectors ¢;, and then perform an iterative minimization alternating between the updates
and . This may result in features/preferences that do not have an easily
understandable meaning, but are capturing salient movie/user properties that result in
the ratings we observe. Moreover, by optimizing over both movie features and user
preferences, predictions for each user can potentially depend on ratings of all other users
(i.e. they are “collaborative").

While alternating linear regressions can be solved in closed form, due to very large
numbers 11 and ne of movies and users, in practice one often uses stochastic gradient
descent (SGD) updates, where when we observe a new rating y; j, we only update the
feature vector ¢; of movie ¢ and the preference vector 1; of user j:

b (L —ehp)di + ethj(yij — &) V), (7.3)
Vi (1= edp)¥j + adiyij — &) ¥;)). (7.4)

7.3 Low-Rank Matrix Factorization

The method of alternating linear regressions can be understood as low-rank matrix
factorization of the ratings matrix Y. Indeed, the ratings matrix is being approxi-
mated as a product of two low-rank matrices, ® € R"*k ¥ ¢ R"** where typically
k < min(ny,ny), such that Y ~ ®¥T. The columns ¢V, ..., ¢(*) of & can be interpreted
as learned attributes of movies, whereas columns w(l), . ,1/1("3) of ¥ can be interpreted
as learned attributes of users.
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7 Collaborative Filtering
If Y was fully observed then the best low-rank approximation is given by SVD, i.e.

from SVD'Y = UDVT we can set ® = Uy, 16D172, . and ¥ = Vi, 16D1/2 1., and this
is a solutiond| of

min S5 0y — 675 75

=[Y-2wT|3
However, as most entries in Y are missing, we have the optimization problem given by
: T 2
wip > (i = ol wi)” (7.6)
€ j=

This seemingly minor modification results in a difficult optimization problem which
cannot be solved using standard SVD techniques. Moreover, it is typically needed to add
regularization terms due to a large number of missing entries in Y, which results exactly
in the objective of the alternating linear regressions:

min Y (yig — & ¥5)° + Ao PlE + Al P (7.7)

7.4 Probabilistic Matrix Factorization

Introduced in [19], the generative model corresponding to CF can be described as follows:

e For each movie ¢ = 1,...,n1, sample independently the latent vector of features
¢; ~ N(0, U;I %) from a k-dimensional normal distribution,

e For each user j = 1,...,no, sample independently the latent vector of preferences
; ~ N(0, O’il 1) from a k-dimensional normal distribution,

e For each movie-user pair (i, ), sample e; ; ~ Bernoulli(p) independently and if
eij = 1, sample y; j|di, ¥; ~ N (¢ 05, 03).
2

The (hyper)parameter vector here is given by 6 = (o7, ai,ag). We can write the joint
probability density of the observations and the latent variables as

3not unique as D can be distributed arbitrarily between ® and ¥ - compare to the discussion of different
versions of scaled biplots
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= 1 1
Y. .o U0 = | | [E— ——— | 2
p( bl bl | ) Pl (2%02)’“/2 eXp ( 20_3) ”¢ ’2)

- 1 1
: | | eXp | - |W’|g>
2\k/2 2 [1Vj
e (2moy)) / ( 20y,

1 1 .
gl WGXF’ (205(%4 — ¢; wj)2>

€ij=

1 1 1
X exp —@HQ’H% - EH‘I’H%’ ~ 952 Z (yij— & ¥)* | - (7.8)
Y ei’j:l

Maximizing log p(®, ¥|Y, #) in this model thus corresponds exactly to with reg-
ularization parameters given by A, = JZ / 05), Ay = ag / ai. Since we now have a full
probabilistic model, however, it is possible to consider joint inference of ®, ¥ and 6 as
well as to consider more sophisticated model construction.

7.5 User-based and Item-based Collaborative Filtering

There is also a range of model-free (also called memory-based) methods for collaborative
filtering, which are typically based on some notion of user-user similarity or item-item
stmilarity.

User-based CF (UBCF) starts with a notion of user-user similarity computed based
on the ratings, and then predicts ratings by aggregating those of similar users. Generally,
it proceeds in the following three steps:

1. Assign a weight to all users with respect to similarity with the current user.

2. Select k users that have the highest similarity with the current user — commonly
called the neighbourhood.

3. Compute a prediction using a weighted combination of the neighbours’ ratings.
An example similarity x is given by
Yier, Wi — )iy — )
= - —
\/Zz‘eljj, (yij - yf)z\/Ziezjj, (?/ij/ -yl )2

where ¢/ = avg;.., —1{vij} denotes the average rating given by user j and I;; =

(7.9)

Kj.j

{i Dejjeij = 1} is the set of movies rated by both users j and j’. Thus, this similarity
is simply the Pearson correlation between the ratings columns restricted to those movies
which are rated by both users. Now to make a prediction for a new movie-user pair
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7 Collaborative Filtering

(i,7), we can simply aggregate predictions over the neighbourhood Uy(i,j) of user j: the
k users most similar to j who rated movie 7, for example:

=/

Zj'eUm,j) Kjg Yigr —Y)

Zj’eUk(i,j) |51

ij =19 + (7.10)
Item-based CF (IBCF) works analogously by aggregating predictions the user has made
on similar movies. There is a large number of different variants of these algorithms,
which consider different similarity measures and different aggregation strategies. See [14]
for further details and references.

7.6 Biclustering

Also known as coclustering, this is a method for clustering both rows (items) and columns
(users) in the observed data matrix. This can be a ratings matrix in CF, but can also
correspond to a more general data matrix — for example, biclustering is often used in
analysing gene expression data.

The intuition behind biclustering is as follows: even if the two users have a similar
movie taste, it is extremely unlikely that the two have watched (and rated) the same
movies (the overlap could in fact be very small). Thus, identifying similar users solely
based on the similarity of their ratings may not be sufficient. Moreover, a group of users
may have similar ratings across a certain group of movies, i.e. Alice and Bob both like
science fiction, but have very different ratings across another type of movies, i.e. Alice
also likes horrors but Bob hates them. Instead, we wish to simultaneously find groups of
similar users and groups of similar movies.

In the biclustering method, we associate to each row i a latent indicator r; € {1,..., K"}
and to each column j a latent indicator ¢; € {1,..., K}. Based on the cluster member-
ship, matrix Y is partitioned into blocks, with y;; belonging to the same block as y;;
iff (r;,cj) = (rir,cjr). Further, we assume that the matrix entries are i.i.d. within each
block (r;,c;), i.e.

p(Y|I‘, C, 9) = H p(yij‘r%cj’e) = H p(ysz@ri,cj),

eijzl 81']':1

for some parametric probability distribution p(y;;|0r, ;). For example, we can obtain
a model similar to matrix factorization by letting 0, .. = (¢r,,%¢;) for movie-group-

level feature vectors ¢,, € R* and user-group-level preference vectors Ye; € R* and

P(YijlOr;c;) = \/2;7 exp (—ﬁ(yzj - qb?TiLbcj)z). Inference can then proceed similarly as

in the EM algorithm.
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8 Bayesian Learning

8.1 Bayesian Inference

So far, our treatment of probabilistic machine learning models has been frequentist, i.e.
we used one set of tools to reason about latent variables z (e.g. cluster indicators in a
mixture model) and another to reason about model parameters 6 (e.g. parameters of
mixture components defining those clusters). The generative processes we considered
define the likelihood function: the joint distribution p (D|f) of all the observed data D
given the model parameters 6 and the learning consists in computing the maximum
likelihood estimator

) = DIh).
6 = argmaxp (D|f)

For example, in the EM algorithm (which is a frequentist method aimed at locally max-
imising the likelihood function), we were placing a variational distribution ¢ on latent
variables but not on 6, which was inferred using point estimates at each iteration.

In Bayesian inference, we also treat the model parameters ¢ as random variables and the
process of learning is then computation of the posterior distribution p(6|D). In addition
to the likelihood p (D|€) specified by the generative model, one needs to also specify a
prior distribution p(6). Posterior distribution is then given by the Bayes Theorem:

p(DI0)p(6)
p(D)
where the denominator is the marginal likelihood or evidence:

p(D) = /@ p(D|0)p(6)do.

All the questions about model parameters can be addressed based on the posterior. We
can, for example, consider

gMAP

p(0|D) =

e Posterior mode: = arg maxgeco p(0|D) (maximum a posteriori).
e Posterior mean: 6™ = E [0|D].
e Posterior variance: Var[f|D].

e Posterior expectations of functions of parameters: E[g (6) |D] for some g : © — R,

A particularly convenient choice of prior distributions are comjugate priors to a given
likelihood function. A prior and likelihood are said to be conjugate if they result in a
posterior that lies in the same parametric family as the prior.
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8 Bayesian Learning

Example: Bayesian inference on a categorical distribution.

Suppose we observe D = {y;};—,, with y; € {1,..., K}, and model them as i.i.d. with
the probability mass function © = (m,...,7Tx):

n K
p(Dlr) = [T my = [ =
i=1 k=1

with ny = > " 1(y; = k) and 7 > 0, Ei{:l 7 = 1. The conjugate prior on 7 is the
Dirichlet distribution Dir(a;,...,ax) with parameters oy > 0, and density

= DO 00) T o
P = T T 1

on the probability simplex {7 : 7, > 0, Zle 7 = 1}. Since

K
p(a[D) o [[mrre,

k=1
the posterior is also Dirichlet Dir(ay + nq,...,ax + ng). Posterior mean is given by
~mean _ __ Ok + Tk
7'(']C = 7 .
> 105+ ny

Notice how parameters of the prior (hyperparameters) are essentially playing the role of
the pseudocounts for each of the classes 1,..., K (but they need not be integer-valued).
They are reflecting prior beliefs about class proportions. For the case of two classes, this

is equivalent to a Beta (a1, ag) prior on 7y, i.e. p(my) = %ﬁ” (1 — )2,

8.2 Predictive distributions

How do we construct predictions based on the posterior distributions? Write the obser-
vations as D = {z;}" ; and assume the generative model specifies p(z|f), e.g. a mixture

model p(z|0) = > 1 e f (x|¢), with 6 = (71,...,7k;¢1,...,¢K). The posterior pre-
dictive distribution is the conditional distribution of z,41 given D = {z;} ;:

p(tnia|D) = /e plin 1110, D)p(61D)d0
- /@ P(n110)p(0D)do.

Thus, we predict new data by averaging the predictive distribution over the posterior.
This is fundamentally different than predicting using a point estimate of 6, i.e. p(xy41|6)
as it takes into account the posterior uncertainty in parameters.
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Example: Bayesian treatment of naive Bayes classifer. Consider a K-class classi-
fication problem with binary input vectors, i.e. D = {(x;,vi)}i—y, x; € {0,1}? and
yi € {1,...,K}. Naive Bayes classifier uses the following model:

LE) G)
plyi = klO) = m,  plailys = k,0) = [[ érs (1 — o)) ™™,

i.e. it assumes that given the class labels, individual dimensions in input vectors are
independent. The parameters of the model are collated into 0 = ((m3), (¢r;)). It is

often used in text classification where data items correspond to documents and xgj

indicates whether word j from a list of p words has appeared in document i. Class labels
correspond to e.g. topics of the documents. Despite the name, naive Bayes is often
treated in a frequentist way, i.e. using maximum likelihood estimation of parameters. If
weset ng = i H{yi =k}, ngg =1 Ly =k, :UZ(]) = 1), the MLE can be written as

N > kx(‘j) N

~ n 1Y = 1 ]

T = —, (bk‘_] — 4 — )
n % ng

But the MLEs can be problematic in some cases. For example, if the ¢-th word did not
appear in any documents labelled as class k (ng = 0), then ngkg = 0. But if we then wish
to compute the predictive probability once for a new document & which contains ¢-th
word, we have:

p(y = k|Z with ¢-th entry equal to 1, é)
P

o H (éf;kjf(j) (1 - ékj)lj(j) L
=1

since qgkg = 0. This means that we will never attribute a new document containing word
¢ to class k (regardless of what other words in it may be!). Moreover, probability of a
document under all classes can be 0 by the same reasoning.

Let us consider a Bayesian approach to the same model. We can write the likelihood
as

K 1(yi=k)

p .
p(Dlo) = prz,yzw LT {1145 o (1= gy

i=1k=1

3

I
i ’:]N

p
ot TL iy oy

For a conjugate prior, we can use Dir((ak)le) for 7, and Beta(a, b) for ¢;,; independently.
Now, because the likelihood factorises, the posterior distribution over 7 and (¢y;) also
factorises, and posterior for 7 is Dir((ak—i—nk)ff:l), and for ¢y; is Beta(a+ny;, b+ngp—ny;).
If we want to predict a label 3 for a new document Z, we obtain

60



8 Bayesian Learning

with
- ap + ng
p(y =k|D) = K
> tn
20) — 15— kD) — T ki
p(& |y = k,D) .
and the predicted class is
7 Ay 7(3) 1—7@)
=k|D =k,D Ld S\ 7 b .
p(j = kg, D) = LI =HDIEG =K. D) _axtme 17 (ana> (Wnka> |
p(Z|D) Zl:1a1+njzl a+b+mnyg a+b+nyg

Compared to the MLE plug-in predictions, pseudocounts help to “regularise” probabilities
away from the extreme values.

8.3 Laplace Approximation

Bayesian approach to learning is conceptually very elegant, but the posterior distribu-
tions are intractable in almost all interesting cases, and we therefore need to resort to
various approximations. One of the techniques for approximation of intractable posterior
distributions is the Laplace or saddlepoint approximation. The idea is to simply approxi-
mate the posterior distribution p(6|D) with a (multivariate) Gaussian distribution. Given
the ease of manipulating Gaussians, this is a convenient choice, since the various poste-
rior expectations and predictive distributions will be easier to calculate when we have
Gaussian approximate posteriors.

Consider for simplicity the case where parameter 6 is a scalar and assume that posterior
mode OMAP s available. Often, the posterior mode can be found even if the normalising
constant p(D) is intractable since it suffices to maximise p(6|D) x p(8, D) = p(D|0)p(6)
using a numerical method. Then, we can use a Taylor expansion of log p(8|D) around

the posterior mode gMAP,
logp(d|D) = logp(MAT|D) + 9log p(6]D) 0— @MAP)
90 9—OMAP
2
2 9-—-@MAP 3
L9 log p(6|D) ( : ) +O<<9_@MAP> >

06?

9—OMAP

By ignoring the third and higher order terms and noticing that the the first derivative
at the mode must be zero, we have an approximation:

T 2
log p(6|D) ~ logp(aMAP\D) ~35 (0 — éMAP) , (8.1)
where we write 7 = —% > 0. But recall that log N (6|p,0%) = log ((27702)_1/2) _

# (0 — ,u)2, so this second order Taylor approximation has exactly the form of a normal
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log-density with mean p = OMAP and variance o2 = 77! so we can approximate the
- : AMAP & logp(6|D) | ™!
posterior with A/ [ MAY (— 202

This idea easily extends to multivariate densities. In particular, the Laplace approxi-
mation of p(#|D) is a multivariate Gaussian N (@MAP, Z), where the inverse covariance

matriz is given by the negative Hessian of the log-posterior evaluated at the posterior
mode:

B 0% log p(0|D)

~1
> 90067

L:@‘MAP

Since log p(0|D) agrees with logp(6, D) up to a constant, they have the same deriva-
tives, so often we work with the energy function J(0) = —logp(0, D), which is the
negative logarithm of the unnormalised posterior. Then we can write

o 92J(0)
26067

9—OMAP

8.4 Bayesian Model Selection

Consider a situation where we do not have one Bayesian model but several. Each model
M has a set of parameters 0y, likelihood p(D|0r) and the prior distribution p(faq).
Within each model, the posterior distribution is

p(D]Or, M)p(Opm| M)
p(DIM)

p(Om|D,M) =

where the normalising constant is the marginal probability of the data under model M
(Bayesian model evidence):

p(DIM) = /@ P(DIrt, M)p(Baa| M) dB

p(D|M)

In Bayesian model selection, one compares models using their Bayes factors DDA

Considering Bayesian model evidence can be interpreted as a Bayesian version of> Oc-
cam’s Razor: of two explanations adequate to explain the same set of observations, the
simpler should be preferred. Namely, note that the model evidence p(D| M) is the prob-
ability that a set of randomly selected parameter values (under the prior) inside the
model would generate dataset D. In that case, models that are too simple are unlikely
to generate the observed dataset. On the other hand, models that are too complex can
generate many possible datasets, so again, they are unlikely to generate that particular
dataset at random.
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9 Variational Bayes

One of the workhorses of Bayesian machine learning are wvariational approximations,
which turn posterior inference in intractable Bayesian models into optimization. We
have seen that Bayesian model selection proceeds by optimizing (maximizing) the model
evidence. While model evidence is almost always intractable, using the same principles
as in the EM algorithm (Gibbs inequality), lower bounds may be available which can be
optimized instead.

9.1 ELBO

Assume that we are taking a Bayesian approach to inference in a latent variable model
p(X,z|0) with observations X, latent variables z and parameters . Now, because we
are using a Bayesian model, our treatment of latent variables and model parameters is
exactly the same. We can now consider some joint distribution ¢(z, 6) of latent variables
and parameters, called variational distribution (similarly to EM, but note that EM was
not allowed to place a distribution over #!). We claim that the quantity

F(q) = Eq[logp(X,z,0)] + H(q) (9.1)

is a lower bound on log-evidence log p(X). Namely, we can write

Flg) = E4[logp(X,z,0)] — Eyllog q(z, 0)]
= Eq[logp(z,0X)] + log p(X) — Eq[log ¢(z, 0)]
= —KL(q(z,0)|[p(z,01X)) + log p(X),

which is by Gibbs inequality maximised (and equal to log-evidence) when KL is zero,
i.e. when ¢(z,0) = p(z,0|X). Thus, for any variational distribution ¢, F(q) < logp(z).
Expression is called the evidence lower bound (ELBO).

To reason about all the unknowns in the model, we would simply need to compute the
joint posterior p(z,0|X), but this is almost always intractable. Hence, the variational
Bayesian inference approximates the posterior by starting with a family Q of tractable
variational distributions ¢(z, ) (e.g. ¢(z,0|v) where v are the variational parameters),
and aims to minimize the divergence KL (¢(z, 0)||p(z, 8|X)) over Q or, equivalently, max-
imise the ELBO, i.e. find the tightest lower bound on the log-evidence.

In a nutshell, variational Bayes projects the (intractable) posterior p(z, 0|X) onto a
tractable family Q with respect to the KL divergence KL (¢q(z, 0)||p(z, 8|X)). Alternative
divergences are possible in this context. In particular, since KL is not symmetric, min-
imization of the “reverse” divergence KL (p(z, 8|X)||q(z,0)) results in a different family
of approximate Bayesian methods, known as Expectation Propagation (EP).
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9 Variational Bayes

9.2 Bayesian EM and Mean-Field Variational Family

Variational approximation requires specifying the variational family Q. The complexity
of Q determines the difficulty of the optimization; it is more difficult to optimize over a
large family Q than a simpler, smaller one. Consider family Q of variational distributions
which factorize across the latents and the parameters: ¢(z,0) = gz (z) go (0). For a fixed
ge, we can solve for gz which maximises ELBO (exercise):

qz (2) o< exp (/logp(Xyz, 0)ge (0) d9> :

and by symmetry, for a fixed gz, we can solve for go which maximises ELBO:

ge (0) o< exp < / logp(X, z,0)qz (z) dz> _

Now, one can formulate an algorithm similar to EM, which alternates between optimising
qz and qg, such that each iteration increases ELBO and thus decreases the KL divergence
from the posterior.

We notice the symmetry between z and 6. Indeed, the distinction between parameters
and latent variables disappears in Bayesian modelling, as all unobserved quantities in
the model are treated in the same way and our goal is to approximate their posterior
distribution. In the rest of this section, we will drop 6 from the notation and treat them
as a part of the set of all unobserved quantities z.

The further simplification we often make in Variational Bayes is to focus on the mean-
field variational family where the variational distribution fully factorizes

q(z) =[] o),
j=1

i.e. all latent variables are mutually independent and each latent z; is governed by its own
variational factor g;. Note that there could be a mix between categorical and continuous
latents, each having the appropriate factor g;. Also, z; itself need not be a univariate
latent — see an example with LDA below. Using the mean-field family implies that we
will not be able to capture any posterior correlations between the latent variables z; and
zj for j # j’ and that the best we can hope for is a rich representations of the posterior
marginals.

The iterative procedure similar to Bayesian EM can now be applied to each individual
factor, giving rise to the algorithm called Coordinate Ascent Variational Inference
(CAVI), closely related to Gibbs sampling, i.e. it also uses full conditionals p (z;|z_;,x)
p(z,x), where we denoted z_; = [21,...,2j—1, Zj+1, - - -, Zn]-

9.3 Complete conditionals in the exponential family

When the complete conditionals p (z;|z—;,x) belong to an exponential family of distri-
butions, i.e. they are given by
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9 Variational Bayes

Algorithm 9.1 Coordinate Ascent Variational Inference (CAVI)
Input: a model p(z,x), dataset x
Output: a variational posterior ¢(z)

while the ELBO has not converged do
e forj=1,....m
— ¢j(z;) x exp [Ez_jwq logp(zj\z_j,x)]
e ELBO(q) = E,q [logp(x,2)] + H(q)

return ¢ (z) = H;nzl qj (zj)

p(zjlz—j,x) = h(z;) exp [773' (z—j,x) Tz — A(nj (ij»X))] ,

a particular convenient form of CAVI is available, i.e. the updates in Algorithm are
available in closed form. Above, we assume z; is already transformed to its appropriate
sufficient statistic, h(-) is a base measure, A(-) is the log-normalizer and 7; are the
natural parameters (which depend on the conditioning set). Now, the CAVI update
reads

qi(zj) o< exp[E_;logp (zj|z—;,%)]
— exp {log h(z) + {E_jn; (z—;, %)} 2 — E_;A(n; (z—j, X))}
o h(z)exp {E_m; (25,0} 2]

and thus, the variational factors are in the same exponential family as the complete con-
ditionals with natural parameter being the expected natural parameter of the complete
conditional

vj=E_jn; (zj,%).
This setup describes many models, including Bayesian Gaussian mixtures, Dirichlet pro-
cess mixtures, matrix factorization, multilevel regression and latent Dirichlet allocation,
giving thus one classical overarching CAVI algorithm with closed-form updates for many
instances of Variational Bayes.

While the distinction between parameters and latent variables disappears in Bayesian
modelling, there is still a relevant distinction in terms of where in the model hierarchy
these unobserved quantities appear. In that respect, we can differentiate global latent
vector [ which is associated to all observations and the local latents {z;};; each of which
is associated to an individual observation z;, such that the observation z; is conditionally
independent of {z1,...,2i—1, Zi+1,-..,2n} given B and z;. The joint density is then
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9 Variational Bayes

n
p(/Ba z, X) =P (6) Hp (ziv xl’/@) :

i=1
The normal mixtures are an example of this, where the mixture parameters are the global
latents, while cluster assignments are the local latents. The impact of such hierarchy is
that not all updates in Algorithm need to be performed sequentially. Multiple levels
of hierarchy are also possible.

We next study a concrete example of this in topic modelling, Latent Dirichlet Alloca-

tion [4].

9.4 Example: Topic Modelling

Topic models are a class of probabilistic models of text that lead to parsimonious repre-
sentations of hidden thematic structure of a collection of documents. A popular approach
to topic modelling is Latent Dirichlet Allocation (LDA[) [4].

Latent Dirichlet Allocation

LDA captures the intuition that text document typically exhibit multiple topics and blend
them in a particular way. In LDA, each topic is modelled as a probability distribution
over words and each document as a mixture of corpus-wide topics (i.e. it can be identified
with a distribution over topics). Each observed word in a document is then treated as a
draw from the mixture, i.e. it belongs to one of the topics (mixture components). Mixture
proportions are thus unique for each document, i.e. they are local latents, but mixture
components are shared across the whole collection - they are global latents. This setting
is also called a mized membership model. The goal of the LDA is to find the posterior

p(topics,proportions,assignments|observed words)

Note that a corpus of text to be analyzed may consist of millions of documents, thus
having possibly billions of latent variables.

LDA posits the following conditionally conjugate model, Let K be the number of topics
and V the size of the vocabulary.

1. For each topicin k=1,..., K,

a) Draw a distribution over V' words /3 ~ Diry (n)

2. For each document ind=1,...,D,
a) Draw a vector of topic proportions 84 ~ Dirg («)
b) For each word in n =1,..., Ny,

i. Draw a topic assignment zg, ~ Mult (64) , i.e. p(zan = k|0q) = Oux

Do not confuse it with Linear Discriminant Analysis which shares the acronym - these two models are
not related.
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OO O

o 001' zd,n Wd,n ﬂk n
Ng

Figure 9.1: Graphical model representation of LDA. Plates represent replication, for ex-
ample there are D documents each having a topic proportion vector 6,

ii. Draw a word wg, ~ Mult (8;, ), i.e. p(win = v|5,2) = B2,.0

Thus, we can write the joint distribution as

D

K Ny
p(ﬁaeazaw> = H Bka H{ edv )Hp(zdn|9d)p(wdn’/3az)}
k=1 =

= B( D H H BIZZ ! H {H 9% ! H 9d7zdn/82dn7wdn }(9-2)
n=1

k=1v=1

The model has the following latents: 3 (topics), € (proportions), and z (assignments).
Note that there are also hyperparameter vectors n € RK and « € le in the Dirichlet
priors - these are assumed fixed. Data are the observed words {wg,} . There will be some
abuse of notation here - we denote by wg, both the appropriate draw from vocabulary
{1,...,V} - to be used for indexing, and its “one-hot” encoding i.e. a binary V-vector
with wgy, [v] = 1 if wg, = v and zero otherwise. We will write wgy, [-] in the case of the
latter. Similarly, we denote by z4, both the appropriate topic assignment from {1,..., K}
and its “one-hot” encoding i.e. a binary K-vector with zg4, [k] = 1 if 24, = k and zero
otherwise. We will write z4y, [-] in the case of the latter.

We will use a mean-field family of the form

K D
q(B,0,z) H (Brs Ak) H{ (0; va) Hq Zdn,¢>dn)}-
: : n= 1
The complete conditionals are proportional to the joint distribution in (9.2)):
1. Complete conditional on the topic assignment is a multinomial with

D (2dn = k|04, B, wa) X OaBrw,, = exp (log O +10g B w,,) - (9.3)

Thus, for the variational approximation we also use a multinomial but with a
“free parameter” ¢g,, where we denote ¢g,[k] = ¢ (24n = k), i.6. Pgy is simply a
probability mass function over K topics.
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2. Complete conditional on the topic proportions depends only on the assignments
and is given by

Ng
p (04)24) = Dirg <9d; a+ Y Zan [-]) : (9.4)

n=1
For the variational approximation we also use Dirichlet, with parameter vector
Yd € Rf .

3. Complete conditional on the topics is

D Ny
P (Bklz, w) = Diry (5k,n+22zdn Wan [ > (9.5)

d=1n=1
For the variational approximation we also use Dirichlet, with parameter vector
A € RK.
With these full conditionals we can derive the CAVI updates in the LDA model. We will
need the following fact about the Dirichlet distribution given here without proof.

Fact 21. If 7 ~ Dirg, (o), then
L
E [log ;] = v () — (Z ae) :
(=1

fo (— — ) dt is the digamma function.

where ¥ (u) = ; T

- F(u
Now we can obtain the closed-form updates for each set of the latents.

Proposition 22. CAVI updates in the LDA model are given by
1. Gunl] o exp (% () + ¥ v = ¥ (S0 M) ),

2. ’}/d—OZ‘FZ 1¢dn:
3. )\k =T + Zd:l Znil den [k] Wn []}

where 1 is the digamma function.

Proof. Steps (2) and (3) directly follow from the exponential family properties of Dirichlet
distribution and are left for exercise. For (1), we make use of Fact [21| and write

Ganlk] o< exp (Eo, pqlogp (2an = k|04, B,wa))
X exp (Eequ log edk + E,Bkwq lOg /Bk‘ wdn)

x exp (w (Yar) - (ZW) Y Ahwan) = (ZA’”»

X exp <¢ (vak) + U Miw,,) — (Z Ak v)) )

as required. ]
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10 Gaussian Processes

10.1 Different views of regression

Regression with least squares loss L(y, f(z)) = (y — f(z))? implies that we are fitting

the conditional mean function f*(x) = E[Y|X = z]. This loss also corresponds to the
probabilistic model where y; is a noisy version of the underlying function f evaluated at
input z;:

yilf(z:) ~ N(f(z;),0%), independently for i=1,...,n. (10.1)

There are different ways to model the class of functions f.

o Frequentist Parametric approach: model f as fy for some parameter vector 6. Fit
6 by ML / ERM with squared loss (linear regression).

o Frequentist Nonparametric approach: model f as the unknown parameter taking
values in an infinite-dimensional space of functions (RKHS). Fit f by regularized
ML / ERM with squared loss (kernel ridge regression)

e Bayesian Parametric approach: model f as fy for some parameter vector 6. Put a
prior on # and compute a posterior p(6|D) (Bayesian linear regression).

e Bayesian Nonparametric approach: treat f as the random variable taking values in
an infinite-dimensional space of functions. Put a prior over functions f € F, and
compute a posterior p(f|D) (Gaussian Process regression).

10.2 Gaussian Process Regression

Gaussian processes (GPs) are a widely used class of models that allow us to place a prior
distribution directly on the space of functions rather than on parameters in a particular
family of functions. This prior can then be converted into a posterior distribution once
we have seen some data. One can think of a Gaussian process as an infinite-dimensional
generalisation of a multivariate normal distribution. Namely, given an index set X, a
collection of random variables {A;}, .y is said to be a Gaussian process if and only if for
every finite set of indices z1,...,2,, vector [Ag,,...,A,,]" has a multivariate normal
distribution on R™. Thus, to any Gaussian process, we can associate a random function
f: X = R by setting f(x) = A, for all x € X. Gaussian process is fully specified by its
mean and covariance functions, i.e.
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10 Gaussian Processes

where expectations are taken over f (x and 2’ are fixed elements in the index set X’). This
means that for any finite set x1,...,z,, f = [f(x1),..., f(z,)]" € R™ has a distribution
N (m, K), where m; = m(xz;) and K is the covariance matrix given by K;; = k(z;, z;).
We will typically assume that the mean function m(x) is zero under the Gaussian process
prior. If we know before seeing any data that the distribution of the function evaluations
should be centered around some other mean, we could easily include that into the model.
Equivalently, we could also subtract that known mean from the data and just use the
zero mean model. If we are looking at the data to estimate the mean function, then
often the zero mean GP suffices — in fact, structural information about mean functions
(constant, linear) can be included into the choice of the covariance function (ezercises).
Covariance functions k: X x X — R obviously has to be positive definite so they are
essentially equivalent to the kernel functions we have seen before. In fact, there is a rich
connection between RKHS methods and Gaussian processes, an example of which we
will discuss below.

10.2.1 Gaussian Conditioning and Regression Model

The convenience of manipulating multivariate normal distributions carries over to Gaus-
sian processes. Let us review the rules for Gaussian conditioning, which are key to
Gaussian process regression.

Gaussian Conditioning. Let z ~ N (i, X) be a multivariate normal random vector
and let us split its dimensions into two parts, i.e.

Z1 H1 Y11 X2
= 5 =] 5 E = o 102
z [ZJ - [Mz] [221 z322} (10.2)

Note that Y91 = X/, due to symmetry of covariance matrices. Then the conditional
density of zo given z; is also normal and given by

p(z2|z1) = N(22; p2 + Z1 577 (21 — 1), Taz — To1 277 S12)- (10.3)

For a given set of inputs x = {x;}!" ;, we denote the vector of evaluations of f by f =
[f(x1),..., f(z,)]" € R™ and the vector of observed outputs by y = [y1,...,yn]" € R".
Note that since we treat f as a random function, f is a random n-dimensional vector.
The Gaussian process regression model, assuming likelihood function in , is then
given by

f ~ N(0,K)
y|f ~ N (£,0°1),

where K is the covariance (kernel) matrix given by K;; = k(z;, ;). But because both
the prior and the likelihood are normal this simply means that f and y are jointly normal
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o =2 () [ o) o

For example, to find the cross-covariance between f and y note that

E [fyT] =E {f(f + 06)—1 =E [ﬁ'T] + oE [feT] =K, (10.5)

with

where € ~ N(0,I) is independent of f. Now, we can simply apply the Gaussian condi-
tioning to find the posterior distribution

fly ~ N(K(K 4 ¢*I) "'y, K - K(K + ¢%1) 'K).

This gives as the posterior distribution of the evaluations of the unknown function at the
set of inputs where we have observed noisy evaluations y.

10.2.2 Posterior Predictive Distribution

But we can continue with this formalism further and construct the posterior predictive
distribution. Suppose X' = {x; 7 is a test set. We can extend our model to include

the function values ' = [f(z}),..., f(2},)]T € R™ at the test set. The prior can now

be extended to include f’ (recall that our prior was on the whole function — not on its
values at specific locations!), so that the model reads:

f / 0 Kxx Kxx’
MR (R
ylf ~ N(f, o)

where (Kxx);; = k(zi,75), (Kwx)y; = k(25,2}), Ky is an n x m matrix with (i, j)-th

vy
entry k(z;, :c;) and Ky/y = K;crx, We are now making use of the joint normality of f* and
f’ 0 Kx’x’ Kx’x
b~ (o] [ e 109

and from Gaussian conditioning rules again, we can read off the posterior predictive
distribution as

f'ly ~ N (Kyx (Kxx + 021 'y, Ko — Koo (Kxe + 071) Ky ) - (10.7)

Thus, we also have a closed form expression for the posterior distribution of the eval-
uations of the unknown function at any collection of inputs in X. While this follows
directly from the joint normality and Gaussian conditioning rules, it is instructive to no-
tice that we could have arrived at the posterior predictive by integrating p(f’|f) through
the posterior p(fly), i.e.

p(E]y) = / p(E'£)p(Ely)dE. (10.8)

This follows from [ N (a|Bc, D)N (cle, F)dc = N'(a|Be, D+BFB") (ezercises). Namely,
even if we no longer have the Gaussian observation model and y and f are no
longer jointly normal, we can still use to reason about the posterior predictive
distribution.
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10.2.3 Kernel Ridge Regression vs Gaussian Process Regression

If kernel ridge regression (KRR) uses the same kernel as the covariance function in
Gaussian process regression (GPR) and moreover, if the regularisation parameter A in
KRR is the same as the noise variance o2 in GPR, KRR estimate of the function coincides
with the GPR posterior mean. Indeed, recall that in KRR we are solving empirical risk
minimisation

n

n (yi — f(xi))” + 0" 1 £]15, -

and are fitting a function of the form f(z) = Y°"" ; ik (-, ;). Closed form solution is

given by a = (Kxx + 0?1 )71 y. But then if we wish to predict function values at a new

! _ /1 m 3
set x' = {xj 11 of input vectors, we have

f(x;) = Zaik (x;,:cz) = [k(:r;,wl), .. ,k(x;,xn)] (Kxx + 021) 7y,
i=1

and k(x;, T1)yenns k:(x;, xn)} is the j-th row of Ky, so this is the same as the mean in

@ Note that GPR also gives predictive variance, a measure of uncertainty, which
can be important when making predictions far away from the input data. There are
other important differences between the two approaches: KRR is frequentist, while GPR
is Bayesian, and thus the hyperparameters are fitted in different ways. KRR typically
uses cross-validation and grid search, while GPR, as we discuss next, uses maximum
marginal likelihood or a fully Bayesian treatment with hyperparameters integrated out.

10.3 Hyperparameter Selection

Probabilistic model given by Gaussian processes allows principled selection of hyperpa-
rameters in the model (parameters of the kernel function and the noise variance in the
likelihood ) using mazximum marginal likelihood.

Marginal likelihood of the hyperparameter vector § = (v, 0?) which would generally
include kernel parameters v as well as the standard deviation o2 of the noise in the
observation model, is given by

p(y10) = [ pYIEOPEDIE =N (y:0.K, +0%T)

We will introduce the shorthand Ky, = K, + o?I. Thus, we can write the marginal
log-likelihood as

1 1 _ n
logp(y[0) = — log[Ky+| = 5y 'Ky ly — 5 log(2m). (10.9)

In general, marginal log-likelihood is a nonconvex function of the parameter vector 6
and it can have multiple maxima - thus we typically resort to numerical optimisation
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methods, such as gradient ascent. The derivative with respect to 0; (ezercise) has the
form

90; 2 0+ 00, 27 0t 9,

Some common kernel choices in this context involve Automatic Relevance Determination

(ARD) kernel

1 K 1 K
ﬂlogp(yw) = ——Tr (K—18 "*) + fyTK_la K, ly. (10.10)

P (2() — g/())2
k(z,2') = 7% exp —Zw , (10.11)

j=1 5

which has a global scale parameter 7 as well as one bandwidth parameter 7; per covariate
dimension j. If in the hyperparameter selection, very large values of n; are selected, this
essentially means that the dimension j is switched off (does not contribute to the kernel
function). This is very useful in applications where it is likely that not all dimensions
will be relevant.

In addition to maximum marginal likelihood, we can also perform full Bayesian in-
ference for hyperparameters. Namely, we could start with a prior p(#) on 6 and draw
samples from the posterior

p(0ly) o p(0)p(yld) = p(0) / p(y|f,0)p(f]0)df.

This means that we can integrate uncertainty over hyperparameters into predictions as
well, and approximate (integral is typically not available in closed form)

p(E']y) = / p(E']y. O)p(8]y)db.

10.4 Gaussian Processes for Classification

In Bayesian classification problems, we are interested in modelling the posterior proba-
bilities of the categorical response variable given a set of training examples and a new
input vector. These probabilities must lie in the interval (0, 1) while a Gaussian process
models functions that have output on the entire real axis. Thus, it is necessary to adapt
Gaussian processes by transforming their outputs using an appropriate nonlinear acti-
vation/link function. Consider the binary classification model with classes —1 and +1,
using the logistic sigmoid:

1
p(yi = +1|f(2i)) = o(f(z)) = [prpsiens (10.12)
This non-Gaussian form of the likelihood function, however, renders exact posterior in-
ference intractable and approximate methods are needed. There are a number of approx-
imate schemes that can be used but we will focus here on Laplace approximation. We

know that
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logp(fly) = const +logp (f) + logp (y|f)
Loro 1 .
= const — if K 'f+ ;log o(yif(x;)).

Thus, we can compute the gradient

0l f
Ologplfly) _ _g-1g g, (10.13)
of

where the gradient of the likelihood is gf = M with [ge], = %}éylﬂ =o(—yif(x;))yi-
The Hessian is given by

9*log p(fly)

Y- _K'!'-D 10.14

Ofof T " (10.14)

where D¢ = Plogpylf) i the negatlve Hessian of the log-likelihood, which is an n x n
diagonal matrlefwwh (f(xl))a( f(z;)). The overall Hessian of the log-
posterior is negative deﬁmte since K1 is positive definite and (D¢);; > 0. Thus, there
is a unique posterior mode. Note also that D¢ depends on f = [fi,..., f,]" but not on

the labels y. We can now employ numerical optimisation (gradient ascent or Newton-
Raphson method) to find the posterior mode fMAP and approximate the posterior p (f|y)
with a normal distribution:

5(fly) = N(f’f‘MAP,(K_1+D;.MAP)_1>.

Note that this can be rewritten as

. -1
p(fly) = N <f ‘ fMAP KK (K + DfleP> K) )
using the Woodbury identit (K_1 + D)_1 =K-K (K + D_l)_1 K for invertible
matrices K and D.
We can use the Laplace approximation further to construct an approximation of the
predictive posterior at a test set x' = {x

ey, writing

B(E]y) = / (F/[£)3(Ely ) df (10.15)

!Note that %p(ym is a diagonal matrix in any GP model regardless of the form of the likelihood

function as long as it factorizes across observations, i.e. p(y|f) = [[i, p (v:|fi) with (Dg),, =
f%w. In addition, if log p(y|f) is concave in f, (D¢),, > 0.

*Woodbury matrix identity or matrix inversion lemma in its general form is (A + UCV)71 =A"!
ATU (C’_1 + VA_lU)_1 VA™! for matrices A,U,C,V of conformable sizes.
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which can now be solved in the closed form since p(f’|f) is also normal,
p(F)f) =N (f' | Kex K f, Kix — Kox K Kxx')
giving

N -1
p(fly) =N (f’ | Ko K HMAP Koo — Kooy (Kxx + D?_B}AP> Kxx/> . (10.16)

Let us compare this to the predictive distribution p (f ! ]f' MAP) based on simply plugging

fMAP

in the point estimate at the training points, which is

p (f’\fMAP) =N (f’ | Koo K EMAP K — KX,XK;;KXX,) .

Two distributions have the same mean but the plug-in predictive underestimates the
variance. To see this, note that for any test point x,, the predictive variances are

-1
var[f () |y] = Fux —Kux (Kox + D3l) o

var [f () |fMAP} — ke — koK ks,

and positive-definiteness of Df_hi Ap implies (KXX + Df_l\}l AP

var [ £ (z,) |[EMAP].

An alternative to the logistic link is the probit model, i.e.

p(yi = +11f(2:)) = (f(24)), (10.17)

where ®(z) = \/% ffoo e~t*/2dt is the standard normal cdf. Derivations proceed similarly
by considering the gradient and Hessian of the log-posterior

1 n
logp(fly) = const—ifTK_1f+ E log @ (y; f(x;)).
i=1

Thus, it suffices to replace
_ yio(fi)
o b(R) |, vifio(f)
(Do) = (yf)? ®wifi)

in (10.13) and (10.14)), where ¢(z) = @’ (z) is the standard normal pdf. The overall
Hessian is again negative definite as a consequence of the log-concavity of ®.
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10.5 Numerically stable implementation

Kernel matrix K can in practice have eigenvalues close to zero and thus be numerically
unstable to invert. Fortunately, the direct inversion of K can be avoided. Consider, for
example, the Newton iteration for finding the MAP given by

. (82 logp(fl.v))_1 dlogp(fly)
Ofof T of
— £+ (K '+Dp) ' (gr—K'f)
— (K 4 Dp) (KU 4+ Def) + (K +Dg) ' (g — K'F)
— (K4 D) (Def +gr)
— [K-K(K+D;') " K| (Def +gr),

fnew

with the last expression involving only the inverse of K + Dy 1 and not of K. A recom-
mended implementation [I7, Section 3.4.3] is to consider the matrix

B =D;* (K+D;!)Dy/* = D}’KD}/* + T

which is guaranteed to be well conditioned for most kernel functions since its eigenvalues
are between 1 and 14 nmax; ; K;;/4 and perform its Cholesky decomposition B = LLT.
The Newton update can then be implemented as

frev _ K (I o D;/QL—TLle;/QK) (fo + gf) .

10.6 Large-Scale Kernel Approximations

Gaussian processes and kernel methods require computational cost that scales at least
as O(n?) and often as O(n3) in the number of observations n (due to the need to com-
pute, store and invert the n x n kernel matrix K). This is the price we pay for having
a nonparametric model, i.e. for performing the computation in terms of the dual coeffi-
cients. For large datasets, e.g. where n ~ 10°, this becomes a prohibitive computational
cost and memory requirement, however. Many methods have been proposed to deal
with this issue, here we will overview the basic approaches based on the reduced-rank
approximation of Kyx - see Chapter 8 of [I7] for an in-depth overview.

10.6.1 Nystrom method

GP regression and kernel ridge regression both require inversion of the matrix Kyyx 4+ o21.
Let us assume for the moment that Kxx can be approximated by a rank m matrix, with
m < n, ie. Kyx # QQT, where Q is an n x m matrix. Then we can apply the matrix
inversion lemma and write

(QQT + 021) 02 (021 + QTQ) o (10.18)

76
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such that the inversion of an m X n matrix has been transformed into an inversion of
an m X m matrix. However, in order to derive the optimal reduced-rank approximation
to Kxx, we need to perform the eigendecomposition of Kyx which is itself a costly
operation, requiring O(n?) computation. Instead, an often used approach is the Nystrom
approrimation: ~

Kyx = KXZK;lezxv

where {zj}?zl is a collection of a small number of inputs in X (which could be a sub-
set of the training set, but could also be some auxiliary pseudo-inputs) called inducing
variables or landmark points, and we denoted as usual (Kzz);; = k(2 2j), (Kxz);; =

k(xi, z;) and Kyx = KIZ. Now, we can set Q = KXZKz_zl/ 2 and apply the formula
(10.18]). Note that this is equivalent to using a finite-dimensional feature map ¢ : z +—

K, ! [k(z1,2),...,k(zm,2)] "and an approzimate kernel:

k(z,2') = ¢ (ac)—r 1) (x') )

10.6.2 Random Fourier Features

Another popular method within the frequentist kernel methods are random Fourier
features (RFF) of [16]. The idea behind RFF is to use Bochner’s representation of
translation-invariant kernels on RP, i.e. if a real-valued kernel k(z,z’) depends only on
the difference x — 2/, then it can be written as

k(z,2") = /Rp exp (in(x - a:’)) dA(w)

= /RP {cos (wT;U) cos (wTaz'> + sin (wT:U) sin (wa’) } dA(w) (10.19)

for some positive measure (w.l.o.g. a probability distribution) A called spectral measure of
k. For many widely used kernels, spectral measure takes a simple form, e.g. if k(x,2’) =

exp <—# |z — x’”%) , then A is a multivariate normal N (0,7 2I). Now, for a given

A, we sample m frequencies {w;} ~ A and use a Monte Carlo estimator of the kernel
function given by the integral in (10.19)):

l;:(m, y) = % i {cos <wJT:L‘> cos (cujy) + sin (wjx) sin (wJTy)}
= (Pu(T), 0 (y))r2m,

which is an approximate kernel corresponding to an explicit set of features ¢, (z) € R?>™
given by

1
T — ﬁ [cos (wlTx) ,sin <w1Tx) ,...,COS (cu:;ac) ,sin (w:;ac)}

With this set of features, we can now run algorithms in the primal representation which
is less costly than paying the computational cost in n.
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11 Bayesian Optimization

11.1 Tuning hyperparameters as optimizing “black-box”
functions

We have considered several families of machine learning models which have complex in-
ference algorithms and often require tuning of a number of hyperparameters in order to
make them work in practice. These could for example be kernel parameters, the number
of layers and units per layer in a deep neural network, learning rates, regularization pa-
rameters, or batch sizes in stochastic optimizers. Many important implementation details
of hyperparameter tuning are often missing and can be extremely time-consuming as the
algorithm needs to be run repeatedly for a large number of hyperparameter configura-
tions — one often uses some form of grid search or random search based on a particular
objective function, such as cross-validated empirical risk. Can this be done in a more
principled and automated way, i.e. without having “human in the loop”” Ideally, we
would want a fully automated machine learning pipeline where (nearly) optimal model
configuration is selected with a small number of algorithm runs.

More broadly, we are interested in optimizing a particular 'well behaved’ (i.e. it exhibits
some degree of smoothness but is nonconvex and possibly multimodal) function f: X —
R over some bounded domain X C R i.e. in solving[]

T, = argmingex f(z).

However, f is not known explicitly, i.e. it is a black-box function. We can only observe
its potentially noisy pointwise evaluations y; = f (z;) + ¢€; at selected locations x;. More-
over, these pointwise evaluations may be extremely expensive (i.e. they correspond to
training of a large machine learning model or even running a complex physical experiment
- see [6] for further details).

11.2 Surrogate Gaussian Process models

The principle of Bayesian optimization is to use a surrogate probabilistic model of the
black-box function f in order to carry out the optimization. The default choice for a
surrogate model is a Gaussian process (GP) — being a flexible prior over functions (but
other models are possible, based on random forests or student-t processes). Further,
based on the GP model, we need to define a criterion, which we call an acquisition

We will phrase the optimization, w.l.o.g. as minimization here. For maximization of f, we can just
use minimization of—f.
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11 Bayesian Optimization

function, which determines the next location in X where f will be evaluated. These
locations will in certain sense be most informative about the optimum of f.

Good acquisition functions will need to balance exploration (learning more about f
based on new evaluations) vs exploitation (finding the maximum based on the current
model of f). Exploration-exploitation tradeoff will be based on our estimates of the
uncertainty in the values of f - which is why GP regression models with closed-form
uncertainty estimates are most commonly used in this context. Namely, it is customary
to assume that the noise ¢; in the evaluations of the black-box function is i.i.d. A/ (0, (52),
to bring us to the vanilla GP regression context. We have seen in the previous chapter
that the GP model

f ~ N(0,K)
yIf ~ N(£,6°1),

gives us a closed form expression for the posterior predictive mean p (x) and the posterior
predictive marginal standard deviation o (x) = \/k (z,x) at any new location z, i.e.

f @)D~ N (p(2), 5 (z, 1)),

where

p(z) = kﬂcX(K+52[)_1Y>
k(z,x) = k(z,z) — Kex(K + 0%1) Tkyy

Exploration in this context means that we are seeking locations with high posterior
variance k (x, z), exploitation that we are seeking location with low posterior mean p ().

11.3 Acquisition Functions

Most commonly used acquisition functions are: GP-LCB, probability of improvement
(PI) and ezpected improvement (EI).

GP-LCB

GP-LCB follows the principle of the “optimism in the phase of uncertainty” and simply
seeks to minimize the lower (1 — «)-credible bound of the posterior of the unknown
function values f(x), i.e.

ares (@) = j (@) — 21200 (),

where 21, = ® 1 (1 — @) is the desired quantile of the standard normal distibution.
Note that the same principle is used extensively in the theory of K-armed bandits which
deals with a similar setup of the optimization of uncertain objectives over a discrete
number of choices (not covered in this course), but is typically referred to as UCB (upper
confidence/credible bound) since the convention is to consider maximization rather than
minimization.
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11 Bayesian Optimization

Probability of improvement (PI)

If we denote by & the optimal location so far, i.e. the observed g is the minimum among
(Y1,---,Yn). Consider u(z) = 1{f (z) < g}, i.e. u represents the indicator of the event
that the function value at any given location is below the observed minimum. Then the
probability of improvement is simply

N (fise(o).o® @) =0 (T2,

g
apr (z) =E[u(x)|D] = / o (z)

—0o0

Expected Improvement (EI)

Note that in the probability of improvement, we do not take into account the size of an
improvement in the objective function. Thus, the PI method can be viewed as preferring
exploitation - locations that have a high probability of being infinitesimally smaller than
7 will be drawn over points that offer possibly larger improvement but less certainty. We
wish to now use as the utility the expected improvement at the location x, i.e. we define

u(z) = max (0,9 — f (z)),

which measures the size of an improvement from the current (estimated) minimum g and
we seek to maximize E [u(z)|D].
We will need the following simple result about a truncated normal random variable.

Lemma 23. Let S ~ N (m,TQ). Denote by ¢ the density and by ® the cdf of a standard
normal random variable. Then

E [max (0, S)] = /OOOSN (s;m, ) ds = @ (g) m+ ¢ (g) T.

As a shorthand, we will write ()
Now,

apt (@) =Eu@D] = [ @G- HN(fin(),o? (@) df

sN (839 — p(z), 0% () ds

after the substitution s = § — f. Now, by Lemma [23| we get the most commonly used
expression for the expected improvement acquisition function:

apr(z) = @ (v(2) (@ —pn@)+o((2))o ()
= o(@)(v(2)2(y(x)) + ¢ (v(x))).
While it is the most commonly used, the above expression is ignoring the noise in f(Z),
i.e. it is treating ¢ as the actual value of the objective which can be problematic if the

noise level in evaluations is not negligible. Naively, we could simply replace § with the
predictive mean p (Z). However, the predictive variance is still ignored.
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11 Bayesian Optimization

Exercise 24. Derive the alternative expression for both the probability of improvement
and for the expected improvement acquisition functions by considering the distribution
of u(x) =1{f(x) < f(2)}. In particular, show that

Elu(@)|D] = @(y(2) (n(Z) —p(@) + (v (@) p(2,7), (11.1)

where p (2,%) = \/k (z,7) + £ (Z,%) — 2k (z, ).

Note that we can interpret the two terms in [11.1| as trading-off exploration vs. ex-
ploitation. We can increase the acquisition either by decreasing p (z) (exploitation) or
by increasing p (x,Z), i.e. a notion of a distance from the current optimum Z (explo-
ration).
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