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Dete
ting a higher order intera
tion

How to dete
t V-stru
tures with pairwise weak (or nonexistent)

dependen
e?
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How to dete
t V-stru
tures with pairwise weak (or nonexistent)

dependen
e?

X ⊥⊥ Y , Y ⊥⊥ Z , X ⊥⊥ Z
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Dete
ting pairwise dependen
e

How to dete
t dependen
e in a non-Eu
lidean / stru
tured domain?

X

1

: Honourable senators, I have a question

for the Leader of the Government in the

Senate with regard to the support funding

to farmers that has been announ
ed. Most

farmers have not re
eived any money yet.

Y

1

: Honorables sénateurs, ma question

s'adresse au leader du gouvernement au

Sénat et 
on
erne l'aide �nan
iére qu'on a

annon
ée pour les agri
ulteurs. La plupart

des agri
ulteurs n'ont en
ore rien reçu de


et argent.

X

2

: No doubt there is great pressure on

provin
ial and muni
ipal governments in

relation to the issue of 
hild 
are, but the

reality is that there have been no 
uts to


hild 
are funding from the federal

government to the provin
es. In fa
t, we

have in
reased federal investments for early


hildhood development.

· · ·

?
⇐⇒

Y

2

: Il est évident que les ordres de

gouvernements provin
iaux et muni
ipaux

subissent de fortes pressions en 
e qui


on
erne les servi
es de garde, mais le

gouvernement n'a pas réduit le �nan
ement

qu'il verse aux provin
es pour les servi
es de

garde. Au 
ontraire, nous avons augmenté le

�nan
ement fédéral pour le développement

des jeunes enfants.

· · ·

Are the Fren
h text extra
ts translations of the English ones?
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Dete
ting pairwise dependen
e

−→ K=

−→ L=
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Dete
ting pairwise dependen
e

−→ K=

−→ L=

〈HKH,HLH〉 =

(HKH ◦ HLH)++

H = I − 1

n

11

⊤

(
entering matrix)

A++ =
∑

n

i=1

∑
n

j=1

A

ij
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Kernel Embedding

feature map: z 7→ k(·, z) ∈ H
k

instead of z 7→ (ϕ
1

(z), . . . , ϕ
s

(z)) ∈ R
s

〈k(·, z), k(·,w)〉H
k

= k(z ,w)
inner produ
ts easily 
omputed
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1

(z), . . . , ϕ
s

(z)) ∈ R
s

〈k(·, z), k(·,w)〉H
k

= k(z ,w)
inner produ
ts easily 
omputed

embedding: P 7→ µ
k

(P) = E
Z∼Pk(·,Z ) ∈ H

k

instead of P 7→ (Eϕ
1

(Z ), . . . ,Eϕ
s

(Z )) ∈ R
s

〈µ
k

(P), µ
k

(Q)〉H
k

= E
Z∼P,W∼Qk(Z ,W )

inner produ
ts easily estimated
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Independen
e test via embeddings

Maximum Mean Dis
repan
y (MMD)

(Borgwardt et al, 2006; Gretton et al, 2007):

MMD

k

(P ,Q) = ‖µ
k

(P)− µ
k

(Q)‖H
k

ISPD kernels: µ
k

inje
tive on all signed measures and MMD

k

metri


(Sriperumbudur, 2010)

Gaussian, Lapla
ian, inverse multiquadrati
s, Matérn et
.
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ISPD kernels: µ
k

inje
tive on all signed measures and MMD

k

metri


(Sriperumbudur, 2010)

Gaussian, Lapla
ian, inverse multiquadrati
s, Matérn et
.

Hilbert-S
hmidt Independen
e Criterion

Gretton et al (2005, 2008); Smola et al (2007):

∥
∥
∥µκ(P̂

XY

)− µκ(P̂
X

P̂

Y

)
∥
∥
∥

2

Hκ
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Hilbert-S
hmidt Independen
e Criterion

Gretton et al (2005, 2008); Smola et al (2007):

∥
∥
∥µκ(P̂

XY

)− µκ(P̂
X

P̂

Y

)
∥
∥
∥

2

Hκ

HSIC = 1

n

2

(HKH ◦ HLH)++

Powerful independen
e tests that generalize dCov

of Szekely et al (2007); DS et al (2013)
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V-stru
ture Dis
overy

X Y

Z

Assume X ⊥⊥ Y has been established (�rst part). V-stru
ture 
an then be

dete
ted by:

CI test: H

0

: X ⊥⊥ Y |Z (Zhang et al 2011) or
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Assume X ⊥⊥ Y has been established (�rst part). V-stru
ture 
an then be

dete
ted by:

CI test: H

0

: X ⊥⊥ Y |Z (Zhang et al 2011) or

Fa
torisation test: H

0

: (X ,Y ) ⊥⊥ Z ∨ (X ,Z ) ⊥⊥ Y ∨ (Y ,Z ) ⊥⊥ X

(multiple standard two-variable tests)


ompute p-values for ea
h of the marginal tests for (Y ,Z ) ⊥⊥ X ,

(X ,Z ) ⊥⊥ Y , or (X ,Y ) ⊥⊥ Z

apply Holm-Bonferroni (HB) sequentially reje
tive 
orre
tion

(Holm 1979)

D. Sejdinovi
 (CSML, UCL) Three-variable tests NIPS, 07 De
 2013 7 / 18



V-stru
ture Dis
overy (2)

How to dete
t V-stru
tures with pairwise weak (or nonexistent)

dependen
e?

X ⊥⊥ Y , Y ⊥⊥ Z , X ⊥⊥ Z
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V-stru
ture Dis
overy (3)
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V-stru
ture dis
overy: Dataset A

Dimension
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Figure: CI test for X ⊥⊥ Y |Z from Zhang et al (2011), and a fa
torisation test

with a HB 
orre
tion, n = 500
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Lan
aster Intera
tion Measure

De�nition (Bahadur (1961); Lan
aster (1969))

Intera
tion measure of (X
1

, . . . ,X
D

) ∼ P is a signed measure ∆P that

vanishes whenever P 
an be fa
torised in a non-trivial way as a produ
t of

its (possibly multivariate) marginal distributions.
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− P
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X Y
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A Test using Lan
aster Measure

Constru
t a test by estimating ‖µκ (∆
L

P)‖2Hκ

, where κ = k ⊗ l ⊗m:

‖µκ(P
XYZ

− P

XY

P

Z

− · · · )‖2Hκ

=

〈µκP
XYZ

, µκP
XYZ

〉
k⊗l⊗m − 2 〈µκP

XYZ

, µκP
XY

P

Z

〉
k⊗l⊗m · · ·
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Inner Produ
t Estimators

ν\ν′
P

XYZ

P

XY

P

Z

P

XZ

P

Y

P

YZ

P

X

P

X

P

Y

P

Z

P

XYZ

(K ◦ L ◦M)++ ((K ◦ L)M)++ ((K ◦M) L)++ ((M ◦ L)K)++ tr(K+ ◦ L+ ◦M+)

P

XY

P

Z

(K ◦ L)++ M++ (MKL)++ (KLM)++ (KL)++M++

P

XZ

P

Y

(K ◦M)++ L++ (KML)++ (KM)++L++

P

YZ

P

X

(L ◦M)++ K++ (LM)++K++

P

X

P

Y

P

Z

K++L++M++

Table: V -statisti
 estimators of 〈µκν, µκν
′〉
k⊗l⊗m

in the three-variable 
ase
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Table: V -statisti
 estimators of 〈µκν, µκν
′〉
k⊗l⊗m

in the three-variable 
ase

Proposition (Lan
aster intera
tion statisti
)

‖µκ (∆
L

P)‖2Hκ

=
1

n

2

(HKH ◦ HLH ◦ HMH)++ .

Empiri
al joint 
entral moment in the feature spa
e
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Example A: fa
torization tests
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ture dis
overy: Dataset A
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Figure: Fa
torization hypothesis: Lan
aster statisti
 vs. a two-variable based test

(both with HB 
orre
tion); Test for X ⊥⊥ Y |Z from Zhang et al (2011), n = 500
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Example B: Joint dependen
e 
an be easier to dete
t

A triplet of random ve
tors (X ,Y ,Z ) on R
p ×R

p ×R
p

, with

X ,Y
i .i .d .
∼ N (0, I

p

), Z
2:p ∼ N (0, I

p−1

), and

Z

1

=







X

2

1

+ ǫ, w .p. 1/3,

Y

2

1

+ ǫ, w .p. 1/3,

X

1

Y

1

+ ǫ, w .p. 1/3.

where ǫ ∼ N (0, 0.12).

dependen
e of Z on pair (X ,Y ) is stronger than on X and Y

individually
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Figure: Fa
torization hypothesis: Lan
aster statisti
 vs. a two-variable based test;

Test for X ⊥⊥ Y |Z from Zhang et al (2011), n = 500
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Intera
tion for D ≥ 4

Intera
tion measure valid for all D

(Streitberg, 1990):

∆
S

P =
∑

π

(−1)|π|−1 (|π| − 1)!JπP

For a partition π, Jπ asso
iates to the

joint the 
orresponding fa
torization,

e.g., J

13|2|4P = P

X

1

X

3

P

X

2

P

X

4

.

1e+04

1e+09

1e+14

1e+19

1 3 5 7 9 11 13 15 17 19 21 23 25
D

N
um

be
r 

of
 p

ar
tit

io
ns

 o
f {

1,
...

,D
} Bell numbers growth
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1e+09

1e+14

1e+19

1 3 5 7 9 11 13 15 17 19 21 23 25
D

N
um

be
r 

of
 p

ar
tit

io
ns

 o
f {

1,
...

,D
} Bell numbers growth

joint 
entral moments (Lan
aster intera
tion)

vs.

joint 
umulants (Streitberg intera
tion)
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Summary

A nonparametri
 test for three-variable intera
tion and for total

independen
e, using embeddings of signed measures into RKHSs
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Test statisti
s are simple and easy to 
ompute - 
orresponding

permutation tests signi�
antly outperform standard two-variable-based

tests on V-stru
tures with weak pairwise intera
tions
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Summary

A nonparametri
 test for three-variable intera
tion and for total

independen
e, using embeddings of signed measures into RKHSs

Test statisti
s are simple and easy to 
ompute - 
orresponding

permutation tests signi�
antly outperform standard two-variable-based

tests on V-stru
tures with weak pairwise intera
tions

All forms of Lan
aster three-variable intera
tion 
an be dete
ted for a

large family of reprodu
ing kernels (ISPD)
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Total independen
e test

Total independen
e test:

H

0

: P
XYZ

= P

X

P

Y

P

Z

vs. H

1

: P
XYZ

6= P

X

P

Y

P

Z
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Total independen
e test

Total independen
e test:

H

0

: P
XYZ

= P

X

P

Y

P

Z

vs. H

1

: P
XYZ

6= P

X

P

Y

P

Z

For (X
1

, . . . ,X
D

) ∼ P

X

, and κ =
⊗

D

i=1

k

(i)
:

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

µκ

(

P̂

X

−
D∏

i=1

P̂

X

i

)

︸ ︷︷ ︸

∆
tot

P̂

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

2

Hκ

=
1

n

2

n∑

a=1

n∑

b=1

D∏

i=1

K

(i)
ab

−
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(i)
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+
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n
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n∑
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K

(i)
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.

Coin
ides with the test proposed by Kankainen (1995) using empiri
al


hara
teristi
 fun
tions: similar relationship to that between dCov and

HSIC (DS et al, 2013)
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Example B: total independen
e tests

 

 

PSfrag repla
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∆
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Total independen
e test: Dataset B
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Figure: Total independen
e: ∆
tot

P̂ vs. ∆
L

P̂ , n = 500
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